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Chapter 1

Introduction

This dissertation concerns the development of new Krylov subspace methods for
two classes of well-known problems encountered in numerical mathematics. The
first class consists of standard matrix eigenvalue problems (cf., e.g., [3, 781),
where the goal is to find scalars A and nonzero vectors x such that

(1.1) Ax = Ax

for a given matrix A. The second class consists of ill-posed problems (cf., e.g.,
[28]), where the objective is to reconstruct an unknown vector x from

(1.2) Ax = b,

where A is an ill-conditioned matrix and the right-hand side b is contaminated
by noise. In both cases, we will assume that A is too large for the practical use
of direct methods, but is sufficiently structured to facilitate fast matrix-vector
products. For example, A may be a sparse matrix with dimensions ranging from
the order a few thousands up to a few billions.

Eigenvalue problems are important in many fields, for instance, chemistry,
control theory, dynamic systems, geology, mechanics, pattern recognition, quan-
tum mechanics, signal processing, statistics, vibration analysis, etc. Ill-posed
problems are found in astronomy, computed tomography, computer vision, other
fields related to image analysis and restoration, geophysics, signal processing,
statistics, etc.

Krylov subspace methods are popular for solving large-scale problems of the
form (1.1) and (1.2), when using direct methods is infeasible and fast matrix-
vector products are available. The central idea of subspace methods is to project
the problem onto a lower dimensional search space, and to extract an approximate
solution by solving a small-scale problem instead of the original large-scale
problem. However, challenging problems remain; and four of those problems are
outlined below, as well as the contributions of this dissertation toward solutions.
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1.1 Eigenvalue inclusion regions
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Figure 1.1: The boundary of the field of values (solid line) in relation to the eigenval-
ues (dots) of the Tolosa matrix [2] of dimension 340; before (left) and after (right)
balancing.

Computing eigenvalues accurately can be computationally expensive, even
with state-of-the-art iterative methods; thus, it may be desirable to have a fast
alternative for initial and exploratory phases. For example, sometimes it suffices
to have regions in the complex plane which are guaranteed to contain the (desired)
eigenvalues, without knowing exactly where the eigenvalues reside in those
regions. An attractive eigenvalue inclusion region is the field of values given by

W(A) = {x"Ax: x € C", ||x|| = 1}.

The region defined by W(A) is convex and guaranteed to contain all eigenvalues;
furthermore, its boundary can be approximated efficiently and is often tight
around the eigenvalues. However, occasionally the numerical radius r(A) of A is
much larger than the spectral radius p(A) of A, where r(A) and p(A) are defined
as

r(A) = max 2| and  p(A) = max |1,
making W(A) meaningless as an inclusion region.

In Chapter 2 we show that the quality of the field of values as an inclusion
region may often be improved by balancing the matrix A when r(A)/p(A) > 1;
see Figure 1.1 for an example. Balancing is an existing technique designed
to decrease the disparity between row and column norms through a carefully
constructed diagonal similarity transform. Several interesting connections with
the nonnormality of matrices are investigated and emphasized. Moreover, we
propose a new, simple, and fast balancing methodology for computing spectral
inclusion regions, where the Hessenberg matrix resulting from the Arnoldi process
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is balanced and used to approximate the field of values. The effectiveness of the
method is demonstrated with numerical experiments.

1.2 Eigenvalue sensitivity
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Figure 1.2: Pseudospectra level curves for the 340 x 340 Tolosa matrix, for ¢ = 10711
(dotted), 10714 (dash dotted), 10~1-7 (dashed), and 1072 (solid).

Although inclusion regions can be appropriate in a preliminary stage of eigen-
value computations, they only provide limited information. Relevant information,
apart from the eigenvalues and eigenvectors themselves, often includes the behav-
ior of eigenvalues under perturbations. Information of this kind can be provided,
for instance, by asymptotic error bounds and pseudospectra. An important and
intuitively straightforward asymptotic error bound is given by

):HMMN

IT—2| < k(D|E||  with &4 ——
[x*y|

where (A, x) is a simple eigenpair of A with corresponding left eigenvector y,
A is some eigenvalue of A + E, and x* denotes the conjugate transpose of x.
Accordingly, the eigenvalue condition number k(A1) provides an indication of the
worst-case sensitivity of A to perturbations of A. The challenge is to approximate
k(A4), and therefore x and y, efficiently and accurately for nonnormal matrices.
One-sided methods may unappealingly require two runs to compute acceptable
approximations to both the left and right eigenvectors; while current two-sided
methods simultaneously approximate the left and right eigenvectors, and thus
eigenvalue condition numbers, but also face inherent difficulties with restarts,
numerical stability, and error analysis.

Additional insight may be gained from pseudospectra; indeed, one possible
definition of the &-pseudospectrum of A is

Ag(A) = {2z € C: z € A(A+E) for some E with ||E|| < &}.
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A visual representation of the boundary of A, reveals the extent with which eigen-
values can “move” under perturbations; see, for example, Figure 1.2. Computing
pseudospectra is computationally demanding; hence, one-sided subspace meth-
ods are sometimes used to approximate parts of pseudospectra and to speedup
the process. However, the choice for one-sided methods is arbitrary to some extent.

We present an extension of the Krylov—Schur restarting method to the two-
sided Arnoldi method for large-scale nonnormal matrices in Chapter 3. This ex-
tension allows for the simultaneous approximation of left and right eigenvectors,
and thus eigenvalue condition numbers, while working exclusively with orthonor-
mal bases. Specifically, two-sided Krylov—Schur maintains orthonormal bases for
a separate left and right Krylov subspace, and applies only orthonormal trans-
formations to these bases during the restarts. Therefore, we may expect, with
a careful implementation, better numerical stability compared to unsymmetric
Lanczos. We derive algorithms for both standard Ritz extraction and harmonic
Ritz extraction, and present a quantitative and qualitative error analysis. We
complete the chapter with numerical examples where we compute the least sen-
sitive eigenvalues and use the left and right shift-invariant bases to approximate
pseudospectra.

1.3 Tikhonov regularization

104

= | |-35
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Figure 1.3: The exact solution (dashed) and reconstructed solution (solid) of the
phillips test problem from Regularization Tools [27], with regularization (left)
and without regularization (right).

The (pseudo)inverse of an ill-conditioned matrix tends to amplify high-
frequency components in the right-hand side when used to solve least-squares
problems of the form (1.2). Hence, if the measured data b is contaminated by
noise, the noise will be amplified and dominate the solution; see, for example,
Figure 1.3. Dampening the high-frequency components may often improve the
quality of the solution, and can be achieved with regularization methods. A well-
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known method is, for instance, standard form Tikhonov regularization, where
the solution of

argmin [|Ax — b||* + u[lx]|?
X

for some u > 0 is used as a solution for (1.2). This minimization problem can be
solved efficiently for large-scale problems by projecting it onto a Krylov subspace
generated with Golub-Kahan-Lanczos bidiagonalization or the Arnoldi method
if A is square. For certain problems it may be more appropriate to use general
form Tikhonov regularization, and solve

argmin [|Ax — b||* + p|Lx|1?,
X

for a suitably chosen L. When L # I, it is no longer obvious that standard Krylov
subspaces are satisfactory search spaces, and generalized Krylov subspaces may
be considered instead. This concern is further exacerbated in multiparameter
Tikhonov regularization:

¢
argmin ||Ax — b||® + ZMi”LiXHZ’
x i=1

which faces the additional problem of parameter selection. Numerous methods
exist for selecting a sensible u in standard and general form Tikhonov regular-
ization; however, selecting “good” u; in multiparameter regularization is more
complicated.

We introduce a new method for large-scale multiparameter Tikhonov regular-
ization with general regularization operators in Chapter 4. The method works by
repeatedly extending the search space in multiple directions, similar to general-
ized Krylov, and subsequently removing the less promising directions to ensure
moderate growth of the search space. Moreover, we propose a discrepancy princi-
ple based parameter selection strategy related to perturbation results. Numerical
experiments are performed to test the algorithms.

1.4 The generalized singular value decomposition
Consider general form Tikhonov regularization and suppose, for example, that

Ac Ran’ L e Rpxn, mz=>n2p, ./\/(A) ON(L) = {O};
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then the generalized singular value decomposition (GSVD) of the matrix pair
(A, L) is given by

A=Uucx™!, U'U=1I, diag(cy, ..., cn) € [0, 1],
L=vsx™l, Vviv=l diag(sy, - - ., sp) € [0, 1]P*™,

where X is nonsingular and CTC + STS = I. The regularized solution can now be
written as

xy = (ATA+uL'L) ' A'D
Ci

xiuin,

n
= X(C'C + us's)"*cu' =
( H's) Z c + ps?

i=1 "1

wheres; = 0fori = p+1, ..., n. This formula indicates that solutions for different
u or multiple right-hand sides b can be obtained efficiently once the GSVD has
been computed. It also motivates the truncated GSVD solution, which is obtained
by setting u = 0 and only summing the terms corresponding to the k largest c;.
Typically, k <« n for ill-conditioned A, and the intention is to exclude the terms
where 1/c¢; becomes too large and amplify unwanted components excessively.
Besides regularization problems, the GSVD is also useful for solving eigenvalue
problems of the form

s2ATAx; = 2L Lx;,

without using the products ATA and L'L and potentially losing information. Unfor-
tunately, computing the GSVD using direct methods is only feasible for moderately
sized matrix pairs.

In Chapter 5 we derive two new algorithms for computing of a few of the ex-
tremal generalized singular values and their corresponding generalized singular
vectors. The context and connections with existing methods are stated, conver-
gence behavior is investigated, and error analysis is provided. The chapter ends
with numerical experiments demonstrating the competitiveness of the methods,
and illustrating their suitability for the approximation of the truncated GSVD of
matrix pairs with rapidly decaying generalized singular values.

1.5 Outline

The structure of this thesis follows the structure of the previous sections and is
summarized below.
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Chapter 2 is dedicated to matrix balancing for field of value based spectral
inclusion regions with connections to nonnormality of matrices, together with a
new and efficient methodology for the approximation of these inclusion regions.

An extension of the Krylov—Schur restarting method to two-sided Arnoldi
is given in Chapter 3, along with an extensive error analysis. Suggestions for a
robust implementation and possible applications are included.

In Chapter 4 a multidirectional subspace expansion technique is considered
for large-scale multiparameter Tikhonov regularization. Furthermore, a selection
strategy for multiple parameters is proposed.

A generalized Davidson algorithm and an alternative multidirectional version
are derived and analyzed in Chapter 5. Both methods depart from previous
iterative methods for the GSVD, and depend on restarts with multiple vectors
instead of inner-outer iterations.

Chapter 2 and Chapter 5 have been submitted for publication [38, 97], Chap-
ter 3 has been accepted for publication in STAM J. Matrix Anal. Appl. [98], and
Chapter 4 has appeared in J. Sci. Comput. [99]. All articles have been edited for
this dissertation and have minor editorial changes and differences.

1.6 Notation

We use the following notation, unless stated otherwise. Regular capital letters are
used for matrices and calligraphic letters for subspaces; for example, N'(A) and
R(A) denote the nullspace and range of A, respectively. Bold lowercase letters
denote vectors, while regular lowercase Roman and Greek letters denote scalars.
Specifically, we use I for the identity matrix, D for diagonal matrices, E and F for
error matrices, and e; for the i-th standard basis vector; m, n, p, k, [, and ¢ for
dimensions and sizes; i, j, k, [, and ¢ for indices; « for condition numbers, A for
eigenvalues, u for regularization parameters, and o for (generalized) singular
values. The quantities 0 ,x(G) and 0 min(G) are defined as the largest and smallest
generalized singular values, respectively, of a general matrix G. R and C signify
the sets of real and complex numbers, respectively. Different flavors of the same
letter are usually related; for instance, the elements of a diagonal matrix D are
d;, the elements of a general matrix A are a;j, the columns v; of V form a basis
of the subspace V. The transpose of A is AT, and the Hermitian transpose is A*.
Finally, we use the notation || - || = || - ||z for the Euclidean norm and || - ||r for
the Frobenius norm.






Chapter 2

Matrix balancing for field of value type
inclusion regions

Abstract. The field of values may be an excellent tool for generating a spectral inclusion region: it
is easy to approximate numerically, and for many matrices this convex region fits relatively tightly
around the eigenvalues. However, for some matrices the field of values may be a poor eigenvalue
inclusion region (which happens, more precisely, if the numerical radius is much larger than the
spectral radius). In this chapter, we show that balancing the matrix, also known as scaling, may be
very helpful for generating a quality inclusion region based on the field of values. We review some
known balancing techniques, present an implementation for the balancing of sparse matrices, and
introduce a new scaling method by scaling the Hessenberg matrix resulting from a Krylov process.
Moreover, several interesting connections with nonnormality of matrices are pointed out. We show
that a combination of balancing and a projected field of values may render excellent approximate
spectral inclusion regions.

Key words. Field of values, numerical range, (approximate) spectral inclusion region, eigenvalue
inclusion region, eigenvalue localization, matrix balancing, matrix scaling, Krylov scaling, nonnor-
mal matrix, (relative) measure of nonnormality, large sparse matrix, eigenvalue problem, strongly
connected components.

AMS subject classification. 47A12, 65F10, 65F15, 65F30, 65F35, 65F50.

2.1 Introduction

Let A be a large sparse real or complex n X n matrix and let || - || denote the
2-norm. The field of values (or numerical range)

W(A) = {x’Ax | x € C", [Ix| = 1}

may be an attractive spectral inclusion region for two main reasons. First, it is a
convex and compact set which is guaranteed to contain all eigenvalues (cf. [44]).
Second, it can be efficiently approximated by the method proposed by Johnson
[45], who pointed out that W(A) can be efficiently approximated by computing

9
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the maximal and minimal eigenvalues of the Hermitian part of e/ A:
H(e'"A) = L (A + (e A)")
for a number of angles a € [0, ). Therefore, we use

max Re(e ¥z) = 1 A nax(e'®A + (el A)¥),

2eW(A) T2
2.1 . —ia 1 ia i A\*
min Re(e™"2) = § A" A + €A)),

for every angle a, where Re denotes the real part of a complex number, and A«
and A, are the largest and smallest eigenvalue of a Hermitian matrix.

For large sparse matrices, it is not necessary to compute all eigenvalues of the
Hermitian parts %(ei“A + (e!A)*) of the matrices e'®A; instead, we may use the
Lanczos method (see, e.g., [90]) to approximate the largest and smallest eigen-
value of the Hermitian parts. The Lanczos method generates a low-dimensional
Krylov subspace to approximate eigenpairs of large (sparse) matrices. It generally
approximates the extremal eigenvalues well, particularly the largest and smallest
eigenvalue. We may run a new Lanczos process for every « in a selected discrete
set (cf. [11]); in this case, the largest eigenpair will be approximated using a
different Krylov subspace for each angle «, generated by a different matrix of
the form e/ A + (! A)* and an initial vector, for instance a random vector, or
the approximate eigenvector for a previous value of @. The resulting set will be
a subset of W(A), and will often be a good approximation to this set. As W(A)
contains all eigenvalues, such an approximating subset of W(A) will usually also
be an eigenvalue inclusion region.

We can also generate a cruder approximation to W(A) that is computationally
cheaper and therefore more attractive, by using one single Krylov subspace for
all angles . We first carry out an Arnoldi process (see, e.g., [90]) on A and an
initial vector w; of unit length (for instance, a random vector). Let

Vi = Ki(A wy) = span(wy, Awy, ..., A wy)

be the Krylov space of dimension k generated by A and w;, where we make the
common assumption that Vi has dimension k. Performing k steps of the Arnoldi
process yields the decomposition

(2.2) AVi = ViHy + hjey1, kWir1€5,

where the columns of Vi form an orthonormal basis for V; with w; as its first
column, Hj is an upper Hessenberg matrix, and ey is the kth canonical basis
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vector. One can now approximate W(A) by W(A) ~ W(V;AVy) = W(Hy), as was
originally suggested by Manteuffel [58, 59]; see also [36, 37]. This approximation
has the following attractive monotonic inclusion property (see [58]).

Proposition 2.1.
W(Hi) € W(His1) € W(A).

In this proposition the convex set W(Hy) = W(V;AVy) may be interpreted as the
field of values of A restricted to the Krylov subspace V. In particular, we know
that after k steps W(Hjy), and therefore also W(A), contains the convex hull of the
eigenvalues of Hy, which are the Ritz values of A with respect to V. Since k < n
in a subspace method, determining W(H}) is computationally very attractive.
We note that the interior approximation W(Hy) to W(A) will usually result in a
smaller region than a region where a separate Krylov space per angle « is used;
however, the difference may be small, cf. [36, Ex. 2.2]. The resulting field of
values W(Hjy) is often a good approximate inclusion region for the spectrum.

However, in some cases W(Hj) may be much too small, or much too large.
A simple extreme example of the former case is the 10 X 10 matrix A with as
its only elements aj;1; = 107!, forj =1, ..., 9, on its subdiagonal, where the
starting vector is w; = e;. It is easy to see that the k-dimensional Krylov space
generated by A and w; is span([e; ... ex]), and that the logarithmic norm of Hy
(the largest real part; cf. the remainder of this section) increases exponentially
with k. However, since one usually chooses a random initial vector, this extreme
behavior is rare.

The main motivation for this chapter is the opposite case: unfortunately, for
some matrices W(A) and W(Hy) may be poor spectral inclusion regions because
they are much larger than the convex hull of the spectrum. We give an example
for the 4000 x 4000 tols4000 matrix [2]; see Figure 2.1.

For this matrix, the spectral radius
(2.3) p(A) = max |1]
LeA(A)

eA(
is p(A) ~ 4.84-10%, where A(A) denotes the spectrum of A. The numerical radius

(2.4) r(A) = max |z|
zeW(A)

is significantly larger: r(A) ~ 1.17 - 107, so that the ratio

r(A)
p(A)

(2.5)
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Figure 2.1: (a): Spectrum; (b): spectrum, fields of values W(A) (solid) and W(Hzg)
(dash) for tols4000. Note that the spectrum is barely visible (as a dot) because of
the large scale.

which ideally should be close to one for a tight spectral inclusion region, is
approximately 2.42 - 10°. Ratio (2.5) will be of interest throughout the rest of
this chapter.

In this example, the field of values W(Hjy) is also far too large for a useful
approximate spectral inclusion region: for k = 20, we have the numerical radius
r(Hay) ~ 5.38 - 10°, so that r(Hag)/p(A) = 1.11 - 10. Therefore, both W(A) and
W(H,q) are poor spectral inclusion regions. A striking property of the tols4000
matrix is that it is very badly scaled: the ratio of the largest and smallest column
norms is O(107), and similarly for the row norms. Therefore, we investigate
balancing (or scaling, two terms that are generally used interchangeably) of the
matrix to improve the (approximate) eigenvalue inclusion regions based on the
field of values.

Eigenvalue inclusion regions are useful in many applications, for instance, to
get a quick estimate of the spectrum, or to determine a suitable region for the
computation of pseudospectra [12, Thm. 2.1]. As a historical note, Bendixson al-
ready showed in 1902 [5, Thm. II] that min Re(W(A)) < Re(1) < maxRe(W(A))
for all eigenvalues A of A; in fact, both the real and imaginary parts can be
bounded in this way; see, for instance [92]. We note that for some applications,
not the spectrum is important but the field of values itself. One example is the
quantity % lle“4l|,_,» which is the logarithmic norm (or numerical abscissa), equal

to ma(x) Re(z) = % Amax(A + A¥); see, e.g., [89]. In these cases, the techniques of
zeW(A

this chapter, which aim at getting good spectral inclusion regions by modifying
the field of values, may be less relevant.

The rest of this chapter is organized as follows. Section 2.2.1 explores why
scaling may be a good idea to generate high-quality approximate eigenvalue
inclusion regions. In Section 2.3 we review existing scaling methods for the
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matrix to generate better spectral inclusion regions based on the field of values.
We also present a new implementation of a sparse balancing routine spbalance.
Section 2.4 introduces a simple new Krylov scaling approach. We end with some
numerical experiments and conclusions in Sections 2.5 and 2.6.

2.2 Scaling

2.2.1 Matrix scaling for the field of values

A simple but key observation of this chapter is given in the following proposition.

Proposition 2.2. Let D € R™" be a nonsingular matrix. Then W(D™'AD) is a
spectral inclusion region for A. Moreover, p(D™'AD) = p(A).

Proof. This follows easily from the observation that A and D™'AD have the same
eigenvalues. O

In the context of matrix scaling, D is usually restricted to be either a diagonal
matrix with positive elements, or a permutation thereof; this explains the choice
of the notation. Also, several scaling methods restrict the diagonal elements to
powers of two in order to avoid roundoff errors.

The next ingredient that we need is the fact that the matrix two-norm tightly
squeezes the numerical radius, as quantified by the following proposition; see
[39, p. 331].

Proposition 2.3.
3 1Al < r(4) < |A]l.

We may attempt to choose suitable scaling matrices D such that W(D™'AD) is a
tighter inclusion region than W(A); in particular, we hope that r(D™!AD) < r(A).
Then also (cf. (2.5))

r(D7'AD) r(DT'AD)  r(A)
—~ = < .
p(D~'AD) p(A) p(A)
In view of Propositions 2.2 and 2.3, it is a good idea to try to reduce ||A]| to reach

this goal. Proposition 2.3 leads to the following relatively straightforward key
corollary.

(2.6)

Corollary 2.4. Ifthe nonsingular diagonal matrix D is such that ||[D7*AD|| < % | Al|
then r(D™'AD) < r(A).
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Scaling tends to decrease the matrix norm; the following example illustrates this
idea.

Example 2.1. Let A = [93], then ||A|| = 4, while the norm of the scaled
matrix D™!AD using D = [%‘1)] is 2. It may also be checked that W(A) has
numerical radius p(A) = g, while W(D™!AD) is the interval [-2, 2] and therefore
p(D7IAD) = 2.

Since

% max{ [|All1, [|Allw } < [All < ¥ min{ [|A]l1, [|Alle },
having approximately equal row and column sums may decrease ||A||. This norm
decrease is guaranteed if scaling A decreases ||Al|; or ||A|| by at least a factor n.

2.2.2 Scaling and nonnormality

Another viewpoint on scaling is the following. The optimal convex eigenvalue
inclusion region would be the convex hull of the spectrum. Therefore, the field of
values for a normal matrix with the same eigenvalues would provide this optimal
inclusion region. Hence, we can view balancing as an attempt to transform A into
a matrix with the same eigenvalues that is closer to normal. (Note that this is a
different question as the one studied in [77], where the closest normal matrix is
sought with no conditions on the spectrum.)

We will therefore consider some measures of nonnormality; some are men-
tioned in [19]. Let

2.7) A=Q(A + N)Q*

be a Schur decomposition of A. Here, A is a diagonal matrix containing the eigen-
values, while the quantities ||N|| (minimized over all possible Schur forms) and
|IN||r are possible measures of nonnormality introduced by Henrici [29]; see
w3 and ps in [19]. Here, || - ||r denotes the Frobenius norm. These quantities is
invariant under shifts of the matrix (A — A + 7I), but not under scalar multipli-
cation A — yA. In contrast, the measures ||N||/||A]| and ||N||/||A|| (minimized
over all Schur forms) are invariant under scalar multiplication but not under
shifts. Following [9, 10], we will call measures of nonnormality that are invariant
under scalar multiplication relative measures. In [9, 10], two such measures are
given: ||N||z/||Allr and ||AA* — A*A||r/||A2||r, where the latter would perhaps be
more natural.

Denote the singular values of Aby o1 > -+ > 0, and arrange the eigen-
values according to their moduli: |A;| > - -+ > |4,|. In view of Proposition 2.3,
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ratio (2.5) is closely connected to a comparison of the largest singular value
(01 = ||A|]) and the largest eigenvalue in modulus. The measure of nonnormality
U4 in [19], introduced by Ruhe [75, Thm. 1], is

max loi — |4 |.

Restricting to the case i = 1, we might define a relative version of this quantity as

1Al / p(A).

Both ratios r(A)/p(A) and ||A||/p(A) can be seen as relative measures of nonnor-
mality, as will become clear in the next proposition, in which some connections
between the various measures are given. When an inequality involves ||N||, it
holds for all possible N in a Schur form (2.7).

In the following proposition we give some properties of ratio (2.5) in terms
of other measures of nonnormality.

Proposition 2.5. If p(A) > 0; then

(a) max{l 1 M} < 4 < min{l + INT r(4) }
T2 p(A)) T p(A) T p(A)" TIAI=IINNT )

p(A) p(A) _ NIl p(A) p(A)

(b) 1—m§1-w§w$1+m$l+m,

and if A is diagonalizable with A = XAX ™!, then

Al _
(©) o) < K(X).
Proof. The first two inequalities in (a) follow from Proposition 2.3 and the fact that
W(A) contains all eigenvalues. The last inequality follows from Proposition 2.3 and
some triangular inequalities: note that ||A]| = p(A), and since Q*AQ = N + A,
we have [|A[| - p(A) < |IN|| < [|A]l + p(A), and [ [|A]| - [INI| < p(A) < [|A]l. We
can use similar arguments for (b).

Part (c) was noted in [11], where it was also concluded that if (2.5) is large
then any eigenvector basis of A is ill conditioned, which means that A is far from
normal. O

In the following example we illustrate the various quantities using a well-known
matrix with real eigenvalues. We will also show that ratio (2.5) can become
arbitrarily large by scaling a symmetric matrix.



16 2. Matrix balancing for field of value type inclusion regions

Example 2.2. Let A be the n X n tridiagonal matrix with stencil [1, 0, 1]. It
is well known that Ap, ~ —2 and Agpax ~ 2. Let D, = diag(l, a, ..., a™!)
be a diagonal scaling matrix, and define A, = D;lADa. Then A, has stencil
[@~1, 0, @] and, it may be checked that, for @ — oo,

r(Ad) 4 lA I INoll [|No |l
p(Aq)

1

oA 7 1Al 2% WAl
In particular, we see that ratio (2.5) can get arbitrarily large by scaling. However, in
this case balancing the matrix may improve the situation. For instance, forn = 10
and a = 10, we have r(A19)/ p(A10) = 5.05. After applying the spbalance routine
(see next section), this ratio reduces slightly to 4.38. (Note that in this case [69]
and Matlab’s balance give the same balancing as spbalance since no permutations
are carried out.) For @ = 100 the scaling gives a clearer improvement. In this
case, r(A100)/ p(A100) = 50.0, while spbalance gives a reduction to 4.01.

r(A(l’) ~ @, ) ~ %a/’

During our experiments we encountered the following interesting simple, but
unfortunate situation.

Example 2.3. Consider the 2 X 2 matrix

1 1
-1 -1+¢

Ag =

Then, for ¢ — 0, it may be checked that p(A;) ~ Ve, while r(A;) — 1. Therefore,
the ratio (2.5) can also get arbitrarily large in this case, but now scaling will yield
no improvement, since the norms of the first row and column, and the norms of
the second row and column are equal.

2.2.3 Scaling and the field of values in the D?-inner product

Let B be a symmetric positive definite matrix. Instead of the standard inner
product (x, y) = y*x, we now consider the B-inner product (x, y)z = y*Bx. In
particular, we look at the inner product induced by D?, where D is the diagonal
scaling matrix with positive diagonal entries.

Interestingly enough, the next result gives a connection between the field of
values of the balanced matrix, and the field of values of the original matrix in the
D2-inner product. This gives another elegant interpretation of the field of values
of the scaled matrix.

Definition 2.6. We define the field of values Wg(A) with respect to the B-inner
product to be the set

{x*BAx

|xec”, fxll =1}.
x*Bx
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Proposition 2.7. Let D be a symmetric positive definite matrix. The field of values
Wp-2(A) with respect to the D™2-inner product is identical to the standard field of
values of the scaled matrix D™AD.

Proof. This follows directly from the fact that, with y = Dx,

x*D"2Ax _ y*D"'ADy
x*D2x  y*'y

for all nonzero x. ]

Similarly, the Wp2(A)-field of values obtained by the D?-inner product is equal
to the standard field of values of the scaled matrix DAD ™.

After these mainly theoretical properties, we now switch our focus to practical
matrix balancing techniques.

2.3 Existing scaling methods and a new implementation

We will review several known scaling methods and present a new implementation
of spbalance.

2.3.1 Matlab’s balance

First, we consider a well-established scaling technique implemented in the LAPACK
routine XxGEBAL and Matlab function balance. It goes back to work by Osborne
[63] and Parlett and Reinsch [69]. The idea is to find a matrix D, a permutation
of a diagonal matrix, that scales the rows and columns of A in a given norm, for
instance the 1-norm or 2-norm, such that

ID"'AD ei|| ~ ||} D~'AD||, i=1,...,n.

We used Matlab’s implementation balance, which claims to render a matrix that
“has, as nearly as possible, approximately equal row and column norms”. We
found in experiments that this is certainly not always the case.! However, the
balanced matrix may have a (sometimes much) smaller norm (in norms such as
the 1-norm, 2-norm, co-norm, or the Frobenius norm).

In Figure 2.2(a), we plot the spectrum and field of values of the balanced
matrix B for A = tols4000. We conclude that W(B) is an immensely improved
eigenvalue inclusion region; cf. Figure 2.1(b).

INote that for the balanced tols4000 matrix, the ratio of the norms of the rows and corre-
sponding columns could still be as large as ~ 340, both in the 1-norm and 2-norm!
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5000 |- 1T 15000
ol 1 10
5000 | ‘ RS ‘ ] -5000
~5000 —1000 3000 —5000 —1000 3000

(a) (b)

Figure 2.2: (a) Spectrum and fields of values W(B) (solid) for the scaled matrix B
for tols4000 by Matlab’s balance. (b) Idem for our implementation spbalance for
sparse matrices.

However, Matlab’s function balance is currently available for dense matrices
only. This was a motivation for Chen and Demmel [16] to develop several balanc-
ing methods for large sparse matrices. We will consider these and other balancing
methods in the next subsections.

2.3.2 Sparse balancing

The function spbalance for the balancing of sparse matrices improves on Matlab’s
balance: spbalance finds the strongly connected components of a directed graph
whose adjacency matrix has the same structure as A and then sorts the compo-
nents using a topological sort. Chen and Demmel provide an implementation? of
spbalance. We made a memory-efficient implementation ourselves, which is also
suitable for 64-bit systems. The function spbalance seems to improve on Matlab’s
balance since the permutation algorithm used in balance is a special case of the
more general strongly connected components algorithm; see [16] for details.

In Figure 2.2(b), we see that we get a tighter spectral inclusion region with a
different scaled matrix. In Section 2.5 we will see that our spbalance implemen-
tation gives excellent results for field of values type inclusion regions. Note that
Figure 2.2 plots the fields of values for the large balanced matrix; in the numeri-
cal experiments in Section 2.5 we consider the fields of values of the projection
of the (balanced) matrices onto a Krylov space. This makes the generation of a
spectral inclusion region computationally even more attractive (cf. Section 2.1).

2http://www.cs.pomona.edu/~tzuyi/Research/Balancing/
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2.3.3 Chen and Demmel’s Krylov balancing

In this and the next subsection we review three Krylov balancing methods intro-
duced by Chen and Demmel [16]. Let |A| be the matrix with entries |a;j|, and
assume that |A| is irreducible. Then, since |A| is an irreducible nonnegative ma-
trix, it has a unique maximal eigenvalue which is real and positive, called the
Perron eigenvalue. The corresponding right and left eigenvectors, which we will
denote by x and y, respectively, are called the Perron vectors. It can be shown
that the scaling

(2.8) D = diag(x;) = diag(xy, ..., x,)

achieves the lower bound on ||D™'AD||, which is p(|A|) [16].

For large sparse matrices, approximating the Perron vectors of |A| may not
be feasible if A is not given explicitly but instead by a routine carrying out the
matrix-vector product. Therefore, Chen and Demmel [16] introduced scaling
methods based on the approximation of the Perron vectors by a power-type
method on A instead of on |A|. The name Krylov balancing was chosen since the
method uses the results of some matrix-vector products of A with vectors with
elements +1. This approach was motivated by several statistical observations in
[16]. Algorithm 2.1 generates a scaling matrix by approximating the right Perron
vector x.

Algorithm 2.1 (Krylov balancing (function KrylovAz)).
Input: A, m € N (number of steps, default: 5).
Output: A scaling matrix D such that D™'AD is (hopefully) better scaled than A.
D=1
fork=1,...,mdo
g = vector of random +1s
p=D"'ADz
D = D - diag(|pi|)

ik W=

We note that Algorithm 2.1 performs relatively poorly in the numerical experi-
ments in Section 2.5. One of the possible reasons being that the elements of A
are only accessed via a matrix-vector product, which is also an advantage of the
method; see Section 2.5 for a further comparison and discussion. Also, in spite
of the name, we remark that this method does not use a Krylov space, but some
matrix-vector products with A, although we may still project the scaled matrix
onto a Krylov space; see Section 2.5.
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2.3.4 Chen and Demmel’s two-sided Krylov balancing

Chen and Demmel [16] also introduce a scaling method based on a two-sided
Krylov method, exploiting matrix-vector products with both A and A”. Similar to
Algorithm 2.1, this method is matrix free (it does not need A explicitly but only the
action of A and AT applied to a vector); in contrast to Algorithm 2.1, this method
needs actions with the transpose. Chen and Demmel expect that this method will
generally give better results than the one-sided method of Section 2.3.3, since it
uses more information.
They show that with the scaling

29 D= diag(Vxl/}’L cees Vxn/}’n)

B = D7'AD is balanced in the weighted sense, that is, Bw = B'w for w = D™ !x.
Moreover, the Perron eigenvalue is perfectly scaled (has eigenvalue condition
number equal to 1), since the right and left Perron vectors coincide for the scaled
matrix.

Proposition 2.8. With the choice (2.9), B is balanced in the weighted sense.
Proof. [16]; see also [7]. ]

Algorithm 2.2 generates a scaling matrix by approximating both x and y by using
matrix-vector products with A and AT instead of |A| and |A|", which may not
be available. Still, in Section 2.5 we will also carry out experiments where |A|
and/or |A|T are used to approximate the Perron vectors x and y.

Algorithm 2.2 (Two-sided Krylov balancing (function KrylovATz)).
Input: A, m € N (number of steps, default: 5).
Output: A scaling matrix D such that D™'AD is (hopefully) better scaled than A.

1. D=1

2. fork=1,...,mdo

3. 2 = vector of random +1s
4. p=D"ADz

5. q=DAD 'z

6.

D=D- diag(m)

Finally, Chen and Demmel [16] propose to add a cutoff value to Algorithm 2.2:
in line 5, if |p;| or |q;| is smaller than the cutoff value, then +/|p;/q;| is replaced
by 1. The chosen default cutoff value is 10~8. We will see in Section 2.5 that this
Cutoff approach is superior to KrylovAz and KrylovATz for our purposes. Still,
spbalance and the method of the next section are even better.
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2.4 A new Krylov balancing approach

We now propose a new Krylov scaling approach, which is simple yet seems to be
powerful in numerical experiments. The key idea is to first carry out a modest
number of Krylov steps, giving the Arnoldi decomposition of the type (2.2).
Subsequently, we scale the Hessenberg matrix Hy instead of the original matrix
A. We note that this balancing of the Hessenberg matrix does not imply a scaling
of the original matrix.

In our numerical examples, we use our implementation spbalance to scale the
matrix. In fact, in the numerical experiments of Section 2.5 it turns out that often
the Hessenberg matrices are well scaled already, so that scaling is performed
only in a limited number of cases. Moreover, in the examples this balancing is
often “modest”: the maximal condition number of the scaling matrix D in the
experiments is equal to 8, except for tols4000, for which it is very large (O(10%)).

Another option for the scaling of the Hessenberg matrix would be to use the
weighted Perron scaling of Section 2.3.4. However, in the numerical experiments
this approach sometimes performs poorly because the norm of the skew-Hermitian
part %(Hk — H;) increases a lot, resulting in a field of values that is much too
large; see also Section 2.5.

We present pseudocode for the new approach in Algorithm 2.3.

Algorithm 2.3 (Krylov balancing for a field of values type (approximate) eigen-
value inclusion region).

Input: A, starting vector w; (default: random), k (subspace dimension, de-
fault: 20).

Output: An approximate eigenvalue inclusion region.

1. Compute Arnoldi decomposition (2.2).

2. Scale Hj giving ﬁk = D 'HiD (see text).

3. Compute W(Hy).

We note that in Step 2 any sensible scaling method can be used; in our experiments,
we used our spbalance implementation. The new method has several advantages.
It is very simple, and has only two parameters with sensible defaults values.
Balancing is necessary only for a small Hessenberg matrix and therefore virtually
for free. In many cases, the Hessenberg matrices are already well scaled. Although
Watkins [91] discusses situations where scaling of Hessenberg matrices may
be disadvantageous for computing eigenvalues, we will see in the numerical
experiments in the next section that scaling may be a good idea to generate
high-quality spectral inclusion regions based on the field of values.
We summarize some properties of the various scaling methods in Table 2.1.
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Table 2.1: Properties of the different scaling methods.

Method Scales Matrix free Transpose free
Az (Alg. 1) A v v
ATz, Cutoff (Alg. 2) A v —
spbalance A — —
Krylov balancing (Alg. 3) Hy v v

2.5 Numerical experiments

In this section, we will give the results of some extensive numerical tests, which
we hope are interesting for the community. We test a number of large sparse
matrices from the Matrix Market [60]. As an indication of the quality of the field
of values of the scaled matrices as eigenvalue inclusion regions we use the ratio
(2.5), which in an ideal case is 1, which corresponds to the optimal situation that
the radius of the eigenvalue inclusion region is as large as the spectral radius. The
values of r(A) used in the fourth column are approximated by runs of Matlab’s
eigs for 16 different angles (cf. (2.1)). The matrices have various ratios (2.5),
including some equal to 1.

In Table 2.2, we give the results for three different scaling methods by Chen
and Demmel: KrylovAz, KrylovATz, and its variant Cutoff [16] as described in
Sections 2.3.3 and 2.3.4. We first scale the original large matrix A to a matrix B,
and then approximate W(B) by W(Hyg), where Ho is the 20 X 20 Hessenberg
matrix generated by an Arnoldi decomposition (2.2) on B: see the columns labeled
“w/0” (meaning “without extra scaling of the Hessenberg matrix”). We also add
a new idea, by considering a second scaling, of the resulting Hessenberg matrix,
by spbalance. This yields a scaled matrix Hyo and a corresponding field of values
W(Hap). Therefore, this involves a double scaling: a scaling of the original matrix,
and a scaling of the generated Hessenberg matrix (columns labeled “with”). In
all cases, a random starting vector is used to generate the Krylov spaces. The
total time needed for all experiments is also given for each method. Note that the
main computational costs consist of 5 matrix-vector products (MVs) for KrylovAz
and 10 for KrylovATz and Cutoff for the scaling, and then 20 MVs to obtain the
Hessenberg matrix. As we see, KrylovAz and KrylovATz fail in several cases or
yield poor results, also for matrices with ratio (2.5) close to 1. There are two
possible reasons for this. The first is that the methods break down since the
diagonal matrix contains a zero or because of a division by zero (see Step 3
in Algorithm 2.1 and Steps 4-6 in Algorithm 2.2). In the second case a scaling
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matrix D is rendered, but the ratio r(Hsg)/p(A) is poor (> 10).

The Cutoff method is more reliable. Of all methods in Table 2.2, Cutoff with
double scaling gives the best results.

We now move to Table 2.3. In the column labeled Perron, we use the Perron
scaling (2.8), where we approximate the Perron vector x by 5 steps of the power
method with |A|. Subsequently, 20 steps of Arnoldi are carried out, with or without
an extra scaling of the Hessenberg matrix with spbalance. In the column labeled
“2-Perron”, the same is done, but now the Perron scaling (2.9) is exploited, where
the Perron vectors x and y are approximated by 5 steps of the power method
with |A| and |A|”, respectively.

The next column shows the results of our implementation of spbalance. For this
method, additional scaling of the Hessenberg matrices turns out to be unnecessary.
Finally we display the results of our new K+B approach: Krylov balancing by scaling
of the Hessenberg matrix only. We first carry out an Arnoldi process followed by
a (possible) balancing of the Hessenberg matrix. The main computational costs
consist of 5 MVs for Perron and 10 MVs for 2-Perron for the scaling, and then 20
MVs to obtain the Hessenberg matrix. The complexity of spbalance is O(n + nnz)
for the balancing, where “nnz” stands for the number of nonzeros (see [16]).
Again, we need an additional 20 MVs for the Arnoldi method. The K+B approach is
the cheapest approach with only 20 MVs, as the scaling of the Hessenberg matrix
is practically for free. We stress the important fact that spbalance is available only
when A is given explicitly, all other scaling methods can also be used if A is given
via a matrix-vector product.

As we see, the spbalance and K+B methods give near optimal results in most
cases. The K+B approach has difficulties with the tolosa matrices, for which
spbalance performs very well. We note that for tols2000, the K+B suffers a
problem similar to the one mentioned in Example 2.3. K+B is slightly better than
spbalance for the tridiagonal matrix. We also give the ratio r(Ha)/ p(Hzo) in the
last column of the table, where ﬁzo is the scaled Hessenberg matrix of the K+B
method. (Note that p(Hao) = p(Hag); see Proposition 2.2.) If r(Hyo) is much
larger than p(Hay), such as for tols2000 and tols4000, this may be viewed as
a hint that the field of values may not be an excellent spectral inclusion region.
Therefore, the ratio r(Ha0)/ p(Hao) may serve as an indicator of the reliability of
the approximate inclusion region.

As an example, we plot the approximate inclusion regions of three of the
methods for the matrix olm5000 in Figure 2.3. The region generated by the K+B
method is clearly the best.

Some of the matrices in the test set are unsymmetric but have all real eigen-
values. As an interesting note, we remark that there is no easy test to check if the
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Table 2.2: Ratios r(Hag)/ p(A) for some large sparse matrices A, where Hog denotes the scaled and projected matrix A. Three different
methods are considered: Chen and Demmel’s KrylovAz, KrylovATz, and Cutoff methods. First the matrix is scaled, then k = 20 steps
of Krylov are carried out. In the w/o columns, the field of values is computed without further scaling of the Hessenberg matrix, for
the with columns, the Hessenberg matrix undergoes a further scaling with spbalance. By “—”, failures are indicated (breakdown of
scaling method, or ratio > 10; see text).

Az ATz Cutoff

Matrix n p(A) r(A)/p(A) | w/o with | w/o with | w/o with
af23560 23560 2.63-10%2 1.55 — 1.20 | 1.08 1.06 | 1.29 1.15
cryl0000 10000 4.22-10% 1.01 3.87 1.17 | 1.53 1.26 | 1.00 1.00
dw8192 8192 1.10-10% 1.00 464 1.19 | 1.03 1.01 | 1.12 1.03
grcarl0000 10000 2.97-10° 1.09 3.88 1.24 — 4.39 | 2.52 1.38
grcarl0000+ 5I 10000 7.74 - 10° 1.03 — — 1.97 130 | 1.78 1.12
grcarl0000+10I 10000 1.27- 10! 1.02 3.48 1.21 | 1.29 1.13 | 1.06 1.08
memplus 17758 1.49-10° 1.01 3.36 1.05 — 9.66 | 1.00 1.00
olm5000 5000 2.53-10° 5.04 — 852|164 123 | 154 1.16
rw5151 5151 1.00-10° 1.09 — — 9.79 255 | 2.22 1.17
sherman2 1080 2.71-10% 5.00 1.09 1.06 | 1.27 1.07 | 1.14 1.04
sherman3 5005 6.76-10° 1.00 1.06 1.04 | 1.00 1.00 | 1.00 1.00
sherman5 3312 5.95-10° 4.51 3,55 1.26 | 1.00 1.00 | 1.00 1.00
tols2000 2000 2.44-10° 1.2-10° — 1.61 | 294 150 | 1.33 1.14
tols4000 4000 4.84-10° 2.4-103 — 196 | 255 1.36 | 5.08 1.68
tridiag(0.1,0,10) 2000 2.00-10° 5.0-102 5.00 498 | 5.00 4.98 | 5.00 4.98
utm5940 5940 1.76-10° 1.18 7.20 1.27 — — 1.36 1.15
Time (sec) 1.1 5.9 1.0
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Table 2.3: Ratios r(Hag)/p(A) for some large sparse matrices A, where Hpg denotes
the scaled and projected matrix A. We display the results of four different methods:
scaling with an approximation of the Perron vector x (Perron); scaling with approxi-
mations of the Perron vector x and y (2-Perron, two-sided Perron), both without or
with additional scaling of the resulting Hessenberg matrix; our implementation of
spbalance; and our new “Krylov and balance” (K+B) approach. By “—” failures are
indicated (breakdown of scaling method or ratio > 10; see text). The last column
displays the ratio r(Hag)/ p(Hao), where Hag is the scaled Hessenberg matrix of the

KK+B method.
Perron 2-Perron spbal | K+B r(Hz0)
p(Hzo)
Matrix w/o with | w/o with
af23560 7.53 1.34 | 1.10 1.12 1.01 1.02 1.02
cryl0000 1.25 1.18 | 1.01 1.01 1.00 | 1.00 1.00
dw8192 227 1.73 | 1.00 1.00 | 1.00 | 1.00 1.00
grcarl0000 — 2.85 — 7.05 | 1.08 | 1.08 1.10
grcarl0000+ 51 — 248 | 255 1.64 | 1.03 | 1.03 1.05
grcarl0000+10I | 9.45 1.72 | 1.50 1.10 | 1.02 | 1.02 1.03
memplus 1.30 1.04 | 1.00 1.00 | 1.00 | 1.00 1.00
olm5000 6.19 196 | 1.18 1.08 1.00 | 1.01 1.01
rw5151 — 2.68 | 1.40 1.29 | 098 | 0.98 1.06
sherman?2 597 3.53 | 1.00 1.00 | 1.00 | 1.03 1.03
sherman3 1.39 1.16 | 1.00 1.00 | 1.00 | 1.00 1.00
sherman5 3.73 1.12 | 1.00 1.00 | 1.00 | 1.02 1.02
tols2000 140 1.24 | 1.02 1.03 1.01 — 14.7
tols4000 1.08 1.09 | 1.01 1.03 1.01 | 3.27 2.90
tridiag(0.1,0,10) — — — 9.05 | 5.00 | 4.98 1.13
utm5940 998 1.15 | 098 1.08 | 0.95 | 0.94 1.02

Time (sec) 0.9 1.0 | 22 | o7

25
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Figure 2.3: Spectrum and fields of values W(ﬁzo) (solid) for the new method:
the scaled Hessenberg matrix ﬁzo, for the matrix olm5000. Also shown are the
approximate inclusion regions obtained by the Cutoff (dash) and KrylovATz (dots)
methods, where the Hessenberg matrices are also scaled.

spectrum is real. In particular, the field of values type inclusion regions cannot
“feel” that the eigenvalues are all real. Indeed, for a matrix with real eigenvalues,
the field of values may be arbitrarily large “in the direction of the imaginary axis”.

For instance, for an upper triangular matrix with real eigenvalues, the skew-
Hermitian part S = %(A — A¥) may have an arbitrarily large norm. This means
that both

|min{w | iw € W(A)}| and |max{w |iw € W(A)}|

may be arbitrarily large. In Figure 2.3 for olm5000 (which is not upper tri-
angular), we see examples of this phenomenon. The family of matrices A, in
Example 2.2 is another example: while A, has the same spectrum independent
of a, the field of values gets arbitrarily large for @ — oco. For matrices with real
eigenvalues, we observe in numerical tests that Perron scaling of the Hessenberg
matrix may significantly worsen the results, i.e., yield a spectral inclusion region
that is much larger in the imaginary direction. This is one of the reasons that we
opt for spbalance to scale the Hessenberg matrices.

2.6 Conclusion

For large sparse matrices, the field of values may be efficiently approximated
by projection onto Krylov spaces. The resulting sets are approximate spectral
inclusion regions and may often be of good quality. However, for some matrices
this eigenvalue inclusion region may be much too large.

For these cases, we have shown that scaling may be a very helpful technique
to generate tight spectral inclusion regions based on a field of values. We have
reviewed various existing balancing methods of the original large matrix: the
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KrylovAz, KrylovATz, and Cutoff methods. We have also considered two scaling
methods by using approximate Perron vectors of the matrices |A| and/or |A|”.
We are able to improve the results of these methods by scaling their resulting
Hessenberg matrices from the Arnoldi decompositions. This therefore involves a
double scaling: a scaling of the original matrix, and a scaling of the generated
Hessenberg matrix. Of the mentioned approaches, the Cutoff method with extra
Hessenberg scaling gives the best results.

Subsequently, we have proposed a new implementation of spbalance and a
new promising scaling approach by only scaling the small Hessenberg matrix
generated by an Arnoldi process. While the “Krylov and balance” (K+B) approach
is simple and cheap, it provides equally good results compared with spbalance for
almost all cases and better results than the other methods for most examples. We
stress that this “Krylov and balance” technique involves a scaling of the Hessenberg
matrix but does not imply a scaling of the original matrix.

Note that Matlab’s balance and the spbalance method only are applicable if
A is given in explicit form; the other scaling methods, including the new K+B
approach, are also suitable for matrix-vector products given by functions. More-
over, besides being matrix-free, the K+B approach has the additional advantage
of being transpose-free.

In fact, we believe that the combination of an Arnoldi decomposition, matrix
balancing of the original matrix or the Hessenberg matrix, and the generation
of the field of values of the (scaled) Hessenberg matrix yield an approximate
eigenvalue inclusion region that may be very hard to beat both in quality and
efficiency. We would like to stress the astonishing result that very good eigenvalue
inclusion regions for large sparse matrices may be obtained with just a dozen
of matrix-vector products. This is surprising since accurately finding just one
eigenvalue may cost hundreds or even thousands of matrix-vector products. As an
interesting illustration, we note that the eigenvalues of the 10000 X 10000 grcar
matrix are so sensitive that state-of-the-art existing numerical methods, such
as Matlab’s eigs or Krylov—Schur [81], are unable to find these even modestly
accurately. However, obtaining a high-quality inclusion region for all eigenvalues
is very well possible!

Finally, the field of values of a scaled matrix is always convex, and it may
therefore contain large regions with no eigenvalues. We remark that the method
of this chapter may be combined with eigenvalue exclusion regions as described
in [36]. The intersection of the field of values with one or more exclusion regions,
which results in a non-convex inclusion region, may even provide (much) smaller
spectral inclusion regions.






Chapter 3

Krylov-Schur-type restarts
for the two-sided Arnoldi method

Abstract. We consider the two-sided Arnoldi method and propose a two-sided Krylov—Schur type
restarting method. We discuss the restart for standard Rayleigh-Ritz extraction as well as harmonic
Rayleigh-Ritz extraction. Additionally, we provide error bounds for Ritz values and Ritz vectors in
the context of oblique projections and present generalizations of, e.g., the Bauer-Fike theorem
and Saad’s theorem. Applications of the two-sided Krylov—Schur method include the simultaneous
computation of left and right eigenvectors and the computation of eigenvalue condition numbers.
We demonstrate how the method can be used to find the least sensitive eigenvalues of a nonnormal
matrix and how to approximate pseudospectra by using left and right shift-invariant subspaces. The
results demonstrate that significant improvements in quality can be obtained over approximations
with the (one-sided) Krylov—Schur method.

Key words. Two-sided Krylov—Schur, Krylov—Schur, two-sided Arnoldi, dual Arnoldi, implicit
restart, harmonic two-sided extraction, eigenvalue condition number, pseudospectra, least sensitive
eigenvalues.

AMS subject classification. 15A18, 15A23, 65F15, 65F50.

3.1 Introduction

The two-sided Lanczos algorithm (cf., e.g., [78, Sec. 6.4]) is an important alterna-
tive to the Arnoldi method (cf,, e.g., [78, Sec. 6.2]) for nonnormal matrices. The
former uses short three-term recurrences at the expense of double the number
of matrix-vector multiplications. But if one wants the eigenvectors, then either
the bases must be stored, or they must be computed in a second run. This means
that either the storage needed for two-sided Lanczos becomes roughly twice
that of Arnoldi, or the number of matrix-vector multiplications doubles again.
Moreover, in practice re-biorthogonalization is often necessary because of the
loss of biorthogonality in finite precision arithmetic. The accuracy and stability
of the computed bases may be improved by using the two-sided Arnoldi method,
proposed by Ruhe [76], to replace biorthonormal by orthonormal bases. In this

29
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chapter, we propose an efficient restarting technique for two-sided Arnoldi, in-
spired by the Krylov—Schur algorithm [81, 84]. We also investigate perturbation
and convergence properties using error bounds for Ritz values and Ritz vectors
in the context of oblique projections.

There already are generalizations of the Krylov—Schur method, for example,
for Hamiltonian matrices and the product eigenproblem by Kressner [50, 51], as
well as a block method for symmetric matrices by Zhou and Saad [96], a version
for unitary eigenproblems by Roden and Watkins [18], and a method for the
truncated SVD by Stoll [86]. Jaimoukha and Kasenally [42] present a restarted
two-sided Krylov method for model order reduction; however, their method uses
projections to remove unstable elements without changing the initial vectors.
Instead, we are interested in arbitrary exterior eigenvalues of general nonnormal
matrices and allow our method to implicitly modify the initial vectors.

Applications that may benefit from two-sided Krylov—Schur include those
where the condition number of eigenvalues is important and those where both
the left and right eigenvectors are desired. In particular, we use two-sided Krylov—
Schur to find eigenvalues with the lowest condition numbers and to approximate
pseudospectra. The former may be useful to compute the least sensitive eigen-
values of parameterized matrices, or the most reliable eigenvalues of matrices
containing uncertain data. The latter application can provide insight into the
(worst-case) behavior of eigenvalues under perturbations. OQur contribution is a
new type of approximation using two shift-invariant subspaces.

The rest of this chapter is organized as follows. First we review Stewart’s
Krylov—Schur method in Section 3.2. Then we introduce a new two-sided Krylov—
Schur method in Section 3.3 and its harmonic counterpart in Section 3.4. Sec-
tion 3.5 explores the relation between two-sided Arnoldi and two-sided Lanczos.
The focus of Section 3.6 is on perturbation and convergence theory, and that
of Section 3.7 on distance properties. Finally, Sections 3.8 and 3.9 contain the
numerical experiments and conclusions.

3.2 One-sided Krylov-Schur

The Krylov—Schur method by Stewart [81, 84] combines the Arnoldi method with
a restarting mechanism based on the Schur decomposition. Let A be ann X n
matrix and consider the Krylov subspace

(3.1) V; = K¢(A, v) = span{v, Av, A%y, ..., AL},
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where ¢ < n. It is well known that the Arnoldi method creates a basis Vy for V,
satisfying the decomposition

(3.2) AVy =V H; +vpi1h, =V H,

where Viy1 = [V vg41] has orthonormal columns and H, = [Hy; h;] is upper-
Hessenberg. When H, is an arbitrary full-rank (£ + 1) x £ matrix, it is nevertheless
possible to transform the decomposition into the described upper-Hessenberg
form [81, Thm 2.2]. To perform a restart, compute the Schur decomposition

He = QSQ’,

where Q is unitary and S is upper triangular, and define Vg =V,Q and 7{5 = Q" hy;
then

AVy = VS + vg+1h2§.
Partition the above decomposition as

~ = =~ =1151 S12 ~ =~
AlVi Vo =1V Wy + Ur+1 hl h2 s
So2

where it may be assumed without loss of generality that the desired eigenvalues
of H, are along the diagonal of Sq;. Lastly, truncate to obtain

AVl = Vlsll + U[+1h$i.
We summarize the one-sided Krylov—Schur method in Algorithm 3.1.

Algorithm 3.1 (One-sided Krylov—Schur [81]).

Input: A € C'™" starting vector v;, minimum and maximum dimensions m and
¢, tolerance tol.

Output: V,,,.1 and H,, such that ||AV,, — Vi,Hy || < tol.

1 for number of restarts do

2 Expand the Krylov decomposition to AV, = Vo Hy + vpiq h;.

3. Compute Hy = QSQ", and partition Q = [Q1 Qz] and S = [S“ g;i ] .
4. SetV,, =V¢Q1, Hyn = S11, and hy, = Q;hf

5 if ||h;,|| < tol then break

6 end

The Krylov—Schur method extracts approximations to eigenvalues and eigen-
vectors using the standard Galerkin condition

AVec — 6Vec L V.
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However, it is also possible to extract eigenvalues by choosing a different test
subspace U, and imposing the modified Galerkin condition

AVec — 6Vec L Up.

In this case a Krylov—Schur type restart is more elaborate [84], but allows, for
instance, restarts with harmonic Ritz value extraction. The following two sections
show how the one-sided Krylov—Schur restart can be modified to restart either
two-sided Arnoldi or harmonic two-sided Arnoldi.

3.3 Two-sided Krylov—-Schur

In this section we derive the two-sided Krylov—Schur method. Assume A is a
nonnormal n X n matrix, and consider the right Krylov subspace in (3.1) together
with the left Krylov subspace

We = Ke(A*, w) = spanf{w, A*w, (A*)w, ..., (A" w}.

The two-sided Arnoldi method proposed by Ruhe [76], and later as a block
method by Cullum and Zhang [17], independently generates orthonormal bases
for the right search space V; and the left search space W;. This can be done
by applying the (one-sided) Arnoldi method twice. Let the generated bases be
denoted by V, and W, respectively; then the following relations are satisfied:

AVy = V¢Hy + vgyhy, = Ve H,

3.3) . .
AWy = WeKy + weprk, = We K,

where both Vy,1 = [V, vpy1] and Wy, = [Wp wy,q] consist of orthonormal
columns. The next step is to extract approximate eigenvectors and eigenvalues
using the two-sided Rayleigh—-Ritz method. For this purpose, the matrices H,; and
K, are modified to be Rayleigh quotients of A and A*, respectively. The Rayleigh
quotient of a matrix M is defined here as Y*MX for a full column rank matrix X
with left inverse Y™ (cf,, e.g., [82, p. 252]). Assuming W, V; is nonsingular, let

He = Hy + (W, V) 'W,vgs1 B,
Eg =K;+ (V;Wg)‘1V§Wg+1k}
and

Uz1 = (I = Ve(WVe) "W} ugsa,
Wer1 = (I = We(V,We) V) )wesn.
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Then it is possible to rewrite (3.3) as

AV =V H¢ + Up41 b,

(3.4) . -~ .
AWy = WeKp + w€+1k€.

Since Up41 is orthogonal to W, and wy, 1 is orthogonal to V, it follows that

a5 H; = (W, V) ' WAV,
Ke = (V;Wy) ViAW,

Because (W, Vg) 1W* and (V; W)~ 1V* are left inverses of V, and Wy respectively,

we recognize Hg and Ky as Raylelgh quotients of A and A*. Furthermore, the
eigenvalues of H; and of K; satisfy the following proposition due to Cullum and
Zhang [17].

Proposition 3.1. Using the previous definitions, Hy and Ez are similar if W;Vy is
nonsingular.

Proof. Since (V;W;)™ = (W, Vy)7}, it is easy to deduce from (3.5) that
(W;Ve)H, = WAV, = K;(W;Vy).
O

If W, V¢ is singular, then one can perform additional steps of the Krylov process,
or remove vectors until W].*Vj is nonsingular for some j.

We are now ready to derive a new two-sided restarting approach inspired by
(one-sided) harmonic Krylov—-Schur restarts [84]. Consider the Schur decomposi-
tions

Hy,=QSQ* and K, =2ZTZ*

where the eigenvalues of H; and K, are ordered along the diagonals of S and
T, respectively, and are such that sj; = t]*] If such a pairing cannot be found due
to roundoff errors, then an alternative is to sort s;; and tJ’.kj independently based
on some desirable quantity such as their distance to a target, the size of the real
part, etc. Substituting the above Krylov—Schur decompositions in (3.4) yields

AVp = V¢QSQ™ + Ugy1hy,
AW, =W, ZTZ" + w€+1k;.
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Let Vf =V,Q, Wg = Wiz, i{g = Q*h¢, and Eg = Z*ky, so that

AV[ = f/}S + ‘175 1?1.'*,
@6 .
A*Wg =W,T + wesq k;,

and in partitioned form

L . _1lsy s
A[v1 VZ] :[v1 VZ] [ 1ol

o o]+ & &

B ~  ~ 1T T2 ~ [= =
A" |\Wp Wh| =W Wy + We+1 kl k2 .
0 Tx

We can now truncate the partitioned decompositions to
AVy = V1811 + Upsrhy,
A*Wl =WiT11 + L‘U[_,_lk};.

The vector Uy, is in general not orthogonal to Vl, and wy,1 is not orthogonal to
Wj1. This problem can be remedied by computing

AVy = ViH + Vg4 hi,

(3.9) —~ -~ -~ —_— A*
A*Wl = W1K + W[+1ki,

where [V; Uz41] and [W; wy41] have orthonormal columns, and

H = Su + (VO )},
K=T;+ (Wf@’ﬂ)"?{,
Ueer = (= VAV B 70 = VAV,
Wee1 = [[(I = WaW) i |7 (T = WaW;)iDg1,
hy = (|1 = ViV 04 || By,
k1 = (T = WaW;)ies | K.
From here, the search spaces spanned by V;, and W; can be expanded indepen-
dently using the (one-sided) Arnoldi method. Below in Algorithm 3.2 we sum-

marize the two-sided Krylov—Schur method for the computation of approximate
right and left invariant subspaces.
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Algorithm 3.2 (Two-sided Krylov—Schur).
Input: Nonnormal A € C™", starting vectors v; and wy, minimum and maximum
dimensions m and £.
Output: Viuy1, Wie1, H,, and K, such that AV,, = VpnH, ~ ViHy and
AWy = Wins1 K, ~ Wy K.

1. for number of restarts do

2. Expand the Krylov decompositions to

AVy = V¢Hy + vgiahy, A"Wp = WKy + wepr kg,

using the Arnoldi process, and update M; = W, V.

3. Compute Hp = Hy + MEIWZWHh; and vpy1 = Upy —VgMEIW;Um.l.
4. Compute K, = Kg+ME*V;Wg+1k; and wyyq = w€+1—WgME*VZfW[+1.
5. Compute the Schur decompositions H; = QSQ™* and K, = ZTZ*.
6. Partition Q, S, Z, and T as in (3.7).
7. Set Vi, = VeQq, Hyp = S11, hyy = Q;b[
8. Set Wy, = WyZ1, Kiy = Th1, ki = ZTC[.
9. Set My, = ZTM(Qs.
10. Set Hy, = Hp, + (V:;lvé’+1)h;kn> Un+1 = (I - var;)v€+1>
hn = [[Ums1llhm, Uns1 = Unet/|[Uman -
11. Set Ky = Kiy + Wi wei1)k),, Wins1 = (I — Wy, Wi wys,
ki = [[wnsillkm, Wns1 = Wnit/||[wmsall-
12. if converged (e.g., cf. (3.10)) then break
13. end

Usually, the oblique projections in steps 3 and 4 of Algorithm 3.2 must be
repeated at least once in practice [85, Sec. 7], which can be seen as the oblique
analogue of reorthogonalization. Step 12 requires extra attention as well, since
properly measuring the convergence in two-sided Krylov—Schur is more complex
than in one-sided Krylov—Schur. Luckily, we can rely on the work of Kahan, Parlett,
and Jiang [46], who investigated the convergence of two-sided Lanczos and
derived a set of termination criteria. We describe some of their results below.

For two unit vectors v and w with w*v # 0, define the two-sided Rayleigh
quotient

w*Av

p=pvw)=—
w'v

and the right and left residuals

r=(A-phv and s=(A-pl)w;
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then the partial derivatives of p are

*

- and Ow p(v, W) = —.
w*v w*v

avp(v’ W*) =

Consequently, p should not be used as an approximate eigenvalue unless the
value of max{||s||, ||r||}/|lw*v| is sufficiently small relative to p. An additional
result shows that for an eigenvalue A near p the bound

14 = pl < k(DIEN + O(IEN?)

holds [46, Sec. 5], where ||E|| < max{||r||, ||s|]|} and k(1) is the condition number
of 1. While k() is unknown in practice, it can be approximated with |w*v|™!;
see, e.g., Theorem 3.3 and [46, Sec. 8].

In the context of two-sided Krylov—Schur we compute

H/,C =CO (with © = diag(8y, . . ., 8¢) and ||¢;|| = 1),
K;D = DI' (with I' = diag(ys, ..., ye) and ||d;]| = 1),

where © would equal I'* in exact arithmetic, and take v; = Vyc; and wj = Wd;
as the right and left Ritz vectors. Then the Rayleigh quotients p; = p(vj;, w;) can
be shown to equal the Ritz values 6; = y;, so that the residuals satisfy

rj = [I(A = piDyjll = (A = 6;Dvjl| = [Vl [hyel.
sj = [I(A = piD)"will = I(A =¥, wj|| = [[well [kd;l.

Using the sensitivities k; = |wj*vj|_1, we terminate, for example, if the relative
error

.
(3.10) —= max{||r;|l, |Is;I|}
pil

is sufficiently small for the desired value(s) of p;. In our tests using finite precision
arithmetic, it was advantageous to use the right eigenvectors of both H; and
K, instead of using the left and right eigenvectors of only one of the two. In
some cases it may also be numerically preferable to use the Rayleigh quotients p;
instead of the Ritz values 6; and y; [80, Sec. 4].

In this section we have discussed a two-sided version of the Krylov—Schur
algorithm in addition to a suitable stopping criterion. In the subsequent section we
focus on a two-sided Krylov—Schur restart with harmonic eigenvalue extraction.
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3.4 Harmonic two-sided Krylov-Schur

The eigenvalue extraction from the previous section corresponds to imposing the
Galerkin conditions

AVpc — 0Vpec L Wy,

(3.11)
A'Wed — T]ng 1 V.

Suppose one is interested in interior eigenvalues near a target T not equal to an
eigenvalue. These eigenvalues are exterior eigenvalues of the shifted and inverted
matrix (A — 71)7!; hence, it makes sense for the extraction to impose the Petrov—
Galerkin conditions

A-tD)w—-0-17)1v LU,
A-1D""w-Mn-1)"w LU
for certain test spaces U4, and Uo; see also [31, Sec. 3.2]. It is straightforward to
show that the choice v = Vyc, w = Wed, Uy = (A—TI)*We,and Uy = (A—TI)Vp

is equivalent with (3.11). For harmonic two-sided Rayleigh—Ritz one can take the
test spaces

Uy = (A-tD*(A- 1)y Wy,
Uy = (A—1DH(A—TI)Vy

to obtain the equivalent conditions

(A-=0Dv L (A—1D)"W,,
(A-nD'w L (A-1D)Vy
after some manipulation. The former conditions lead to the generalized eigenvalue
problems
W;(A - TI)AV¢c = OW; (A - TI)Vic,
V,(A=1I)'AWd = nV; (A - 1I)'W,d.
Since these are two conjugated generalized eigenvalue problems, it follows that
they are satisfied by ¢ quadruples (6, 17, ¢, d) with n = 6. If W;(A — )V, is
nonsingular, we receive the equivalent eigenvalue problems
(W (A - TI)Ve) "W (A — T)AVic = bc,
(V;(A—1I)'We) 'V (A—TI)*A*W,d = 6d.
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Substituting the Arnoldi decompositions from (3.3) produces
Hyc = 6c and Egd = 6d,
where H; and K; are rank-1 updates of H; and K¢, defined by
He = He + (K, - TD)'W;, Vo) (K, — TD)*W}, ,Uesr1h,
Ke = K + (H, = D'V Wo) ™ (H, = D'V, wea kG,
and I is the identity matrix with an additional zero bottom row. Next, define
Ure1 = (I = Ve((K, = TD™W; Vo)™ (K, = TD'W},1)vgsa,
we =1 - Wt’((ﬁf - TD*V;HWD_I(E(? - TD*V;H)WKH,
so that
AV; = V¢Hg + Ugaihj,
AW, = ng’g + ﬁ)}q.lk;,
and H; and K, are the Rayleigh quotients

He = (Wi(A - tI)V,) "W (A - 1AV,

(3.12) - ((Kf - %l)*W;+1Vf)_1(Kf - %D*WLlAVf’
T K= (Vi(A-TI)We) V(A - TI) AW,
= ((Ef - TD*V;HWf)_l(ﬂf - TD*V;HA*Wf‘

As in Proposition 3.1, the eigenvalues of the Hy and E; from this section coincide.

Proposition 3.2. If W;(A — 1I)V, is nonsingular;, then Hy and E; in (3.12) are
similar.

Proof. The proof is comparable to the proof of Proposition 3.1, but with W,
replaced by (A — 7I)*W;. From (3.12) and A(A — 7I) = (A — TI)A, it follows that

(Wi (A—tDVe)H, = Wi(A - DAV, = K;(W (A - TI)"V).
O

At this point we can compute Schur decompositions of Hy and K; and continue
analogously to the previous section. Algorithm 3.3 summarizes the harmonic
two-sided Krylov—Schur method for the determination of approximate right and
left invariant subspaces.
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Algorithm 3.3 (Harmonic two-sided Krylov—Schur).
Input: Nonnormal A € C™", starting vectors v; and wy, minimum and maximum
dimensions m and ¢, target T.
Output: Viuy1, Wie1, H,, and K, such that AV,, = VpnH, ~ ViHy and
AWy = Wins1 K, ~ Wy K.

1. for number of restarts do

2. Expand the Krylov decompositions to

AVy = V¢Hy + vgiahy, A"Wp = WKy + wepr ke,

using the Arnoldi process and update M¢1 = W, V4.

3. Compute QR = K, — 71, and set p = (Q*Mri1.0) 'Q*Myi1er41.
4, Compute QR = H, — 71, and set q = (Q*M;,€+1)_1Q*MZ+1Q+1'
5. Let Hp = Hy + ph; and vpy1 = Upyq — Vep.
6. Let K¢ = K¢ + gk, and wyy1 = weey — Weq.
7. Compute the Schur decompositions H; = QSQ* and Ky = ZTZ".
8. Partition Q, S, Z, and T as in (3.7)
9. SetVy, = V¢Q1, Hy = S11, hyy = Qj{bg
10. Set Wi = WeZy, Ky = Tna, ki = Zicy.
11. Set My, = Z:MQ;.
12. Set Hy, = Hp, + (Vr;kqv€+1)h;kn> Um+1 = (I - va;‘;l)vf+1>
hy, = ||vm+1||hm: Un+1 = vm+1/”vm+1”-
13. Set Ki = Kiy + (W;w€+1)k:1: Wmn+1 = (I - me:;l)wt’+l,
kn = l[wnsillkm, Wnit = Wngt/ ||[wmsall-
14. if converged (see the discussion after Algorithm 3.2) then break
15. end

Notice that in step 3 of the algorithm we attempt to improve the accuracy
by using a QR factorization of K, — 7I, so that we essentially work with the
orthonormal basis W;,1Q instead of Wy41(K — TI). The approach of step 4 is
comparable, and My ¢+1 and My,q ¢ denote the £ X (£ + 1) and (€ + 1) X £
leading principal submatrices of My, 1, respectively. In step 14 the same stopping
conditions from Section 3.3 can be used; however, in this case, using the Rayleigh
quotients p; in place of the Ritz values 6; and y; is recommended (cf. [80, Sec. 4]).

We have now seen the regular and harmonic two-sided Krylov—Schur al-
gorithms. In the following section we discuss the relation between these two
algorithms and the two-sided Lanczos algorithm.
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3.5 Relation with two-sided Lanczos

As discussed in Section 3.1, the two-sided Lanczos method and the two-sided
Arnoldi method are closely related. Specifically, if (3.3) is in upper-Hessenberg
form with h;y = ||h¢|le; and k; = ||k¢||e¢, and W, V; is nonsingular, then it can
be verified that H and K in (3.4) are also upper-Hessenberg. Now let Wy Ve = LU
be a decomposition into lower and _upper triangular factors, and deﬁne the
biorthonormal bases Vg =VU™! and Wg = WL™*. Furthermore, let T = UH[U_
then from the proof of Proposition 3.1 it follows that

T =UHU ' = L' LUHU ™" = L7'K;LUU™! = (L*KL ™).
Using this identity, (3.4) can be written as

AV, = VT +0p hiU,
(3.13) e
A*Wg = WgT>k + w€+1k;L_*,

where T is tridiagonal since both T = UHU! and T* = L*KL™* are upper-
Hessenberg. The decompositions in (3.13) coincide with two-sided Lanczos.
Assume for harmonic two-sided Arnoldi that W;(A — 1I)V, is nonsingular, let
w; (A = 1I)Vy = LU be a decomposition into lower and upper triangular factors,
and define V; = V,U"! and W, = (A — TI)*W,L™*. Then Proposition 3.2 can be
utilized to show that T = UHU™! = (L*KL™*)* is tridiagonal.

To summarize, two-sided Lanczos and two-sided Arnoldi generate bases for
the same subspaces, although two-sided Lanczos uses biorthonormal bases and
short recursions, while two-sided Arnoldi uses orthonormal bases and (full) re-
orthogonalization. The option to use short recursions with two-sided Lanczos
makes it a computationally appealing method in situations where the compu-
tational cost or the memory requirements for (full) reorthogonalization would
be prohibitive. On the other hand, using biorthonormal bases without (full) re-
orthogonalization may lead to numerical stability issues. Methods that have been
developed to handle these issues include look-ahead techniques, selective reortho-
gonalization, and the detection of spurious Ritz values, see for instance Bai et al.
[3, Section 4.4.4]. However, increases in memory capacity and computational
power of computer hardware have diminished the necessity of such methods, and
the modern approach is to favor (full) reorthogonalization when stability and ac-
curacy are crucial. Even though two-sided Lanczos can be implemented with full
re-biorthogonalization, Stewart [85] provides convincing reasons for preferring
orthogonal bases. For example, orthogonal bases tend to be less sensitive to per-
turbations than biorthogonal bases. Furthermore, if X and Y are biorthonormal,
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then the computation of
(I-XY")a

for some vector a may incur a relative error up to y||XY*||e. Here, € is the machine
accuracy, and vy is a constant that depends on the accuracy of X and Y. The error
bound implies that even if re-biorthogonalization is used, accuracy may be lost,
especially if || XY™|| is large and if errors accumulate.

Two-sided Krylov-Schur uses orthonormal bases and applies only orthonor-
mal transformations to the bases. Some of the accuracy and stability issues are
avoided as a result, especially if two-sided Krylov—Schur is implemented with full
reorthogonalization. Unfortunately, we are not entirely clear of all stability issues
associated with oblique projections, or more specifically, the terms (W;‘Vg)_1 for
standard extraction and (W; (A — 71 W)™t for harmonic extraction. The vectors
U471 and Wy, and the matrices Hy and K, will depend on the previous matrix
inverses, and therefore the computed Schur decompositions as well.

As it turns out, it is possible to avoid the explicit use of (W, V)™ and improve
the accuracy of the computations in Algorithms 3.2 and 3.3. For simplicity we
consider only two-sided Rayleigh-Ritz extraction and note that the results can be
adapted to two-sided harmonic Ritz. Suppose, for the moment, that we are given
the orthonormal matrices Q and Z. The objective is to obtain the decompositions
in (3.9) from (3.6) without using (W;‘Vg)‘l. The update V; = V;Q; can clearly
be computed without using a matrix inverse; now

AV = V,Sq; + 7{+1F{
= ViQ{H,Q1 + (I = Ve(W;Ve) "W upsa b Qq
= ViQ{HQ1 + Ve Q1 Q;(W; V) "W} v 1h)Q:
+ (I = Ve(W Vo) W) uesa b Q
= ViQ{HQ1 + (I - VeQ2Q5(W; V) W, e b} Q1.

It is straightforward to verify that H= Q}jH,Qq and
Vel = (I = VeQa QW Ve) "W, )vg 1 Q.
On the other hand,

AV,Qq = VeQ1Q1HQ1 = Vi Q2Q5H Q1 + vr1h, Q4
Q2 Q; Hy
1 1

hy

Q1.

= [Vevgs1]
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It follows that it is possible to determine Uz, h] by computing a rank-1 approxi-
mation ab® of

Q5 H¢ o
1| (|

with ||a|| = 1, and setting h; = b and

- Q>
Urs1 = [Vevgsa] 1

An alternative is to use the relation

(I = VeQaQs(W; Vo) "W, vea IRy Qa 11> = (VeQ2Q5HeQ1 + ve1h;Q1)Q ke

to determine Uy, 1, which is particularly appealing from a computational point of
view. In our tests we found that the latter approach was faster and provided the
best numerical performance. The vector Uy, is no longer needed with the above
approaches, and its computation can be omitted. To summarize, the inverse of
W;V; can be bypassed once Q is known.

Computing Q without using (W;Vg)_l is the remaining step. It is possible to
avoid the explicit use of the inverse with the QZ decomposition

W;AVg = PS,Q" and W;V[ = PSBQ*

of the matrix pencil (W; AVy, Wy V¢). Here P and Q are orthonormal, S, and Sg
are upper triangular, and S = S7'S,,. The QZ decomposition can be reordered if
necessary. In our tests we found that the QZ approach did not improve the accuracy
with sufficient significance and reliability to justify the increased computational
cost.

In this section we have investigated the relation between two-sided Lanczos
and two-sided Krylov-Schur and argued how most of the problems with the
former are solved by a proper implementation of the latter.

3.6 Error bounds for Ritz values and Ritz vectors

In previous sections we have discussed the computation of Ritz values, Ritz vectors,
and their harmonic counterparts. In this section we investigate the convergence
of Ritz values and Ritz vectors with respect to the convergence of the search space
to an invariant subspace. We will first focus on the convergence of Ritz values
and address the convergence of the Ritz vectors later.
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To investigate the convergence of a Ritz value 6 to an eigenvalue of A, we
could invoke, for instance, the Bauer-Fike theorem (cf., e.g., [78, Thm. 3.6]).
The Bauer—Fike theorem is a key result in perturbation theory, and below we
present a new two-sided version.

Theorem 3.3 (Two-sided Bauer-Fike). Suppose that A is diagonalizable such that
A=XAX"1.

Let (6, v, w) be an approximate eigentriplet of A with ||v|| = ||lw|| = 1, and define
the residuals

r=Av -6v and s = w'A - w”.

Assume w*v # 0 and define kg = |w*v|™L. If the condition number of X is denoted
by k(X), then there exists an eigenvalue A of A such that

|4 = 6] < Vk(X)ka [|r]| [|s]]-

Proof. If 0 is an eigenvalue of A the result is clear. Otherwise A—61I is nonsingular
and

wv| = |s"(A=6D)?r| = |s"X(A =002 X"'r| < «(X) |||l lIs|l (A =6D)72].
Rearranging the terms gives

min | —0]* < k(X)kq [Ir|| lIs]].
HEA(A)

|

In particular, if max{||r||, ||s||} — O, then 6 converges to some eigenvalue A of A,
and kg converges to the condition number k(1) of A. Theorem 3.3 can be used
with Ritz vectors v and w to match Ritz values to eigenvalues of A one at a time.

An alternative approach for studying the convergence of Ritz values is through
Elsner’s theorem [82, p. 38] .

Theorem 3.4 (Elsner [82]). Let the eigenvalues of B be A1, ..., A, and let the
eigenvalues of B + E be 01, ..., 0,. Then there is a permutation ji, ..., j, of the
integers 1, ..., n such that

|4 = 0;] < 4IBIl + 1B+ E" VMEI™ (i=1,....n).
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Hence, if the eigenvalues of B are in the spectrum of A and the eigenvalues of
B + E are the computed Ritz values, then 6;, ..., 8, converge to A1, ..., Ay,
when ||E|| — 0. An advantage of using Elsner’s theorem is that we can match
multiple 0s to eigenvalues simultaneously.

At this point it is helpful to introduce notation that allows the uniform treat-
ment of the remainder of this section. Let

V:[Vl Vs Vg] and W:[Wl Wy Wg]

be full-rank orthonormal matrices, and introduce the shorthand notation V; 5
and Wy, for the first two blocks of V and W respectively. In two-sided Krylov—
Schur, the columns of V; and W1 could, for instance, correspond to either the
basis vectors retained after truncation or to a subset thereof. The next step is to
make V and W biorthonormal, which is where the following proposition comes
into play.

Proposition 3.5. If W;Vy and Wy ,V1 2 are nonsingular, then the 3 X 3 block LU
decomposition of W*V is given by

(wvy

L= W;Vl W;(I - PI)VZ ,

(WiVi WI(I - P1)Va Wi(I— P12)Vs

1 (Wivh)twr v, (W;v1)"twivy

U= I (W5(I = P1)Va) "' W3(I = P1)Vs |,
I

where Py = Vi(WiV1)"'W; and Py 3 = V12(W ,V12) ' Wy .

Proof. Suppose for the moment that W) (I — P1)V; is nonsingular so that U is well
defined. For most of the blocks it is straightforward to verify by direct computation
that LU = W*V. The only difficult block is

W;V:g = W-;:PlVg +W§(I—Pl)Vz(W;(I—Pl)Vz)_lwz(I—Pl)Vg +W§(I—P1’2)V3.

To show that equality holds, it suffices to show that P, = Q, where Q is the
projector defined by

Q = Py + (I = Py)Va(W5(I — P1)Vo) W5 (I — Py).

From its definition we see that the range of Q must be a subset of the range
of V1 o, that is R(Q) € R(V1,2), and likewise R(Q*) € R(Wji,3). Furthermore,
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notice that QV; = Vp, QVy =V, Q*W; = Wy, and Q*W, = W, Since a projector
is uniquely defined by its column space and its row space, it follows from [85,
Thm. 2.2] that Q = P1’2.

To prove the Ansatz that W (I — P1)V; is nonsingular, let Ly » and Uy, be the
upper-left 2 X 2 blocks of L and U so that

det(Wi ZVL 2) = det(LL 2U1, 2) = det(LL 2) det(UL 2)
= det(WfVl) det(W; (I - P1>V2) # 0.
O

Suppose that W;'V; and W7 ,V1 5 are nonsingular and that L and U are given by
Proposition 3.5; then the matrices defined by

V=vul=[n W B ad Wewit=|W W W
are biorthonormal. Furthermore,

Vi=Vy,  Wr=Wv)Twl, o I-vi(Wiv) W = 1 - VW,
and

I=Vi2(Wy ,V12) "Wy, = 1= Vi Wy, = VaW;.
Assume that

S=(Wy,Vi2) "Wy AV, and T = (Vi ,Wy ) V) ,A" Wy,

are upper triangular; then an argument similar to the one at the beginning of
Section 3.5 shows that

Wy ,AVy 5 = Uy oSUT s = (L} ,TLT)"
is block diagonal, with

~. o~ s 11
W1,2AV1,2

| S22
(W Vi)™ (Wiv)
(W5 (I = P1)Vo) ' T5,(W;(I = P1)Vs

Finally, we assume for the remainder of this section that rank(X) < rank(V;), and
we have the following definition.
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Definition 3.6. Let A" be an invariant subspace of A such that AX € X, and
suppose that [X X | is orthonormal, X is a basis of X, and B is such that AX =
XB. If the spectra of B and X]AX, are disjoint, then (B, X) is called a simple
orthonormal eigenpair of A.

Using the new notation, we are ready to state a generalization of Jia and
Stewart [43, Thm. 4.1], which allows the application of Elsner’s theorem to two-
sided Arnoldi. The value 6 can be interpreted as a measure of the angle between
subspaces and will be analyzed in Theorem 3.11 and Proposition 3.13.

Theorem 3.7. Let (B, X) be a simple orthonormal eigenpair of A. Define Z = Wi" X
and orthonormalize the columns of Z by setting

Z=2Q  where Q=(z2)7Y2
Then there exists a matrix E satisfying
IE|| = IW; AU = ViW)XQ],

such that (9_1BQ, Z) is an eigenpair of S11 — E. Furthermore, if
6 = |[|(I -ViW))X|| < 1, then

IE|| < W A =2
— 1 1 _6-

Proof. For the first part of the proof we multiply AX = XB from the left by VT/;‘
and obtain

W AVIW; + (I - VW)X = WiXB.

Since VT/;‘ AVl = S11, we can rearrange the terms to get
SWiX — WiXB = -WiA(I - VW)X,

which we use to define the residual
R=51Z-2Q 'BQ = - WiA(I - ViW})XQ

and the perturbation matrix E = RZ*. Then S11 — E satisfies
(Su—E)Z =ZQ7'BQ

and

IE[l = [IR| = Wy AU = Viwp)XQl,
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which concludes the first part of the proof. For the second part of the proof we
use the relation

IQll = 07in(2) = 0 i (VW X).

To compute the smallest singular value of V1Wf X, observe that

< ||m|m (IViWy Xzl + [I(T = VaW;)Xz]).

Therefore,

Tmin(VIWi X) = ”m”in ViWiXz| = 1- max (I -ViWH)Xz| =1 -6,
z||=1 z||=1

and

A7k 17 TA7® A7 0
IEI < IWrAllIA —vawpllllQll < WAl —-

|

The key insight from Theorem 3.7 is that, under mild conditions, there exists a
matrix E such that the eigenvalues of Z*(S1; — E)Z = Q 'BQ are eigenvalues of A.
By subsequently applying Theorem 3.4, the following corollary may be obtained.

Corollary 3.8. Assume r = rank(X) = rank(Vl) let the eigenvalues of B be A1,
, Ay, and let the eigenvalues of S11 be 61, ..., 0,. Then there are integers ji,...,jr
such that

|2 = 05,1 < 4IW; V)AL + IEDTIEIYT (=1,

Hence, if ||(W] V1)7!|| is asymptotically uniformly bounded and ||E|| — 0, then
there are Ritz values that converge to eigenvalues of A. In practice, the assumption
on (Wy V1)~ means that the corollary cannot be applied to defective eigenvalues.

The next proof relates the separation between Ritz values and eigenvalues to
the convergence of the subspace V7 to the invariant subspace X of A. The proof
uses the following definition of the separation operator.

Definition 3.9. The separation between an n X n matrix N and an m X m matrix
M is defined by

sep(N, M) = ||rn”in |INZ — ZM||.
Z||=1

For more information on the separation operator, see, for example, [82, p. 256].
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Theorem 3.10. Let (B, X) be a simple orthonormal eigenpair of A; then
[VaW; AV WX |
Vw; x|
Proof. Since AX = XB we have that
W ,AVW*X = W ,XB.

sep(V1511Wf, B) <

Rearranging the terms gives
WiX
WX

WX
WX

Wi AVsWX
W3 AV3WEX

(3.14) [S“
22

From the first block row we see that
SWiX — WiXB = -W; AV3W; X,
and hence
(V]SHWT)VlW;X —Vﬂ;{/fXB = —V1WTAV3W;X
Using the definition of the separation operator we can now derive the bound
sep(V1S1, W7, B)[VAW; X || < [V W} AVaW3 ],
which concludes the proof. O
Theorem 3.10 tells us that the separation between \715111/7/1* and B must go to zero
as the span of X becomes contained in the span of V7 »; this is true in particular
if V1 converges to X.

It is instructive to determine what can be said about ||(I — P;)X]|| if it is known
that ||(I — P1,2)X|| — 0. Saad provides a bound in the case of Hermitian matrices;
see, for example, [78, Thm 4.6]. Saad’s theorem was generalized by Stewart for
general matrices in [83]. In [31, Thm. 3] the theorem is further generalized to a
two-sided result, but using ||[W> W3]*X]|| instead of ||(I — P1)X]||, and restricted

by the assumption that X is a vector. We therefore state a new two-sided Saad
type theorem.

Theorem 3.11. Let (B, X) be a simple orthonormal eigenpair of A. If
sep(V2522W§, B) > 0, then

VoW AVsWEX |
sep(VoSoo W, B)
VoW A
14 ||~2 2~||
sep(V2S22W.,, B)

1T = Viwy)X |

IA

+ VW3 X|

IA

) IVW; X\
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Proof. From the second block row of (3.14) it follows that
SpoWiX — WiXB = —W; AVsW; X.
Using the fact that \72* WZ = I, we can write
(VaSaa Wi WVoWiX — VoW XB = —Vo W5 AVsW; X,
so that
sep(VaSaoWsy, B)||[VoWsX || < [[VoWi AVaWSX]||.
Therefore, we acquire the bound
[VaW; AV WX |
sep(V2S22W;, B)

I =W)X = [TaW5X + VaWgx]| < + VWXl

which concludes the proof. |
If there exists a positive constant « such that
sep(%SszT/;Z, B) >a>0

as ||(I — P1,2)X|| — 0, then the bound

(I =P)X| s [1+ (1 = P12)X]|

||V2W;A||)

is asymptotically satisfied and ||(I — P1)X|| — O when ||(I — P12)X|| — 0. The
intuitive interpretation of the lower bound « is that there must be a gap between
the spectra of B and Sy, as V; and S;; converge.

Applying Theorems 3.7, 3.10, and 3.11 to two-sided Krylov—Schur yields the
following bounds.

Corollary 3.12. Suppose the relations in (3.7) are satisfied with V; = \71, Vy, = VZ,
W1 = Wy, and Wy = Ws; then the bound in Theorem 3.7 can be written as

IEIl < |Pall Il || 1 = P1.2)XQll,
the bound in Theorem 3.10 as
I = Py o)X
1P Xl

’

sep(V1S11 Wy, B) < ||P1]l [IF |

and the bound in Theorem 3.11 as

Py, — Py ||k:
14 I 12 1|'|'!k| 2l
sep(V2S22 W3, B)

11 - PDX]| <

) I(I = P1,2)X]|.
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The corollary shows that bounds of the form ||VJWJ* I ||E|| are obtained instead
of ||VJVT/]*A|| when two-sided Krylov-Schur is used. This is an attractive result

since ||i€1 || can be expected to go to zero as V; converges to X.

It is possible to bound the norm of the oblique projections from the present
section in terms of more common orthogonal projections; see, for example, the
following proposition.

Proposition 3.13. Suppose that X, V, and W have orthonormal columns and that
W™V is nonsingular; then for the 2-norm we have

I =VV)Xl < I = VW V)T WXz < IW V)2 1T = VVX ],

and for the Frobenius norm

IT=VV)Xlp < [(T-VWV) "W)X ||F < \/1 + [[(W V)2 (T =VV)X]|p.
Proof. Define Z = (I - VV*)X and P = V(W*V)™'W*; then

I1ZIIZ = (I = vVv*)(I - P)X||?
= tr(X*(I = P)*(I - VV*)(I - P)X)
= (I = P)X||z - IV*(I - P)X||? < ||(I - P)X||?

and
I(I-P)X|1? = |(I-P)Z||7 = 1Z-PZ|)? = IZIIZ+|IPZ]|7 < [IZIZQA+[(W*V) 7 3).

For the 2-norm we give a simplified and block version of the first part of the proof
found in Chaturantabut and Sorensen [15, Lem. 3.2]. For a nontrivial projector
P it holds that ||I — P||y = ||P||2; see, for example, Szyld [87]. Therefore

1Zll2 = I(I = VvV )T = P)X|l> < [|(I = P)X]|2
and
I(I=P)X|l = [[I=P)Zlla < IT=Pll2 IZll2 = IIPll2 [ Z]l2 < I(WV)7} [l [1Z]l.
O
Consequently, if ||(W*V)~!|| is sufficiently small, then the norms
IT-vw V)W)l and  [VWV)TWX]

can be seen as a generalization of sin(X, V) and cos(X, V), respectively; see Fig-
ure 3.1 for an illustration.
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Figure 3.1: Consider the approximation v to x, the projection p = v(w*v)’lw*x,
and the complementary part e = x — p. In the left diagram the angle between v and
w is small and ||p|| = ||[v*x|| = cos(x, v) and ||e|| = ||(I — vv™)x]|| = sin(x, v). In the
right diagram the angle between v and w is large and ||p|| and ||e|| are no longer
satisfactory approximations to the cosine and sine.

3.7 Two-sided distance properties

In the previous section we have considered the convergence of subspaces to
invariant subspaces. The focus of this section is on the minimum distance between
a given matrix A and a matrix with given invariant subspaces. Given a subspace V,
Noschese and Reichel [62] consider the problem of finding the matrix M closest
to A satisfying

(3.15) MY C V.
In the two-sided case we impose the additional constraint
(3.16) MW C W

for a given subspace W. Alternatively, this is the problem of finding the backward
error E = A — M, where the norm of E can be seen as a measure for the quality of
the subspaces as approximate invariant subspaces. Consider the following well-
known theorem [46, Main Thm.].

Theorem 3.14 (Kahan, Parlett, and Jiang [46]). Let A be an n X n matrix, and
let two n X m matrices V and W having orthonormal columns be given. Suppose
that W*V is nonsingular. Let

R = AV -VC(, S* = WA - DW~,
where C and D are Rayleigh quotients

Cc =Wv) 'wHay, D = WAV(W*V)™ L.
Then the solution E of

(A—EV =VC and W*(A-E)=DW*
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that simultaneously minimizes both
IEll> = min [|E]l2 = max{[|R[l2, [IS]l2}
and
IEllF = min [IEllr = /IIRIZ + [ISIIz
is given by
E =RV' +WS".
Using the theorem we readily find the following result.

Corollary 3.15. Suppose that V and W are orthonormal bases of the subspaces V
and W, respectively and that W*V is nonsingular. Then, the matrix M closest to A
that satisfies

My cV and MWCW
is given by
M =A-(I-VWYV)IWHAVV* + WW*A(I — V(IW*V)Iw™).
Furthermore, if two-sided Arnoldi is used to compute V, W, ﬁ, and K so that
R=AV-VH=0h* and S=A'W-WK =k,

where U, w, E and k are as in (3.8), then

IE|l; = max{[[7] |All, ll@]l |k}  and  ||Ellr = \/ [B112(1R]12 + [|]12]| k]2
forE=A—-M.
The matrix M from Corollary 3.15 satisfies the additional constraint
W*(A -2V =W*(M - 2I)V

for all scalars z. This kind of shift-invariance allows us to interpret || E||; and ||E||r
as a backward error for the approximation of pseudospectra in Section 3.8.2,
where we compute

O’min(W*(A —zI)V)
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for a large number of complex shifts z near a region of interest. The matrix M is
in general not of low rank, and instead we might be interested in the two-sided
Arnoldi approximation

Ay = VIW'V)TWAVY(W*V)IW* = VHW*V)'W = v(W'V) KW,
which is the unique rank-m = rank(W*AV) matrix satisfying
AnV CYV, AW CW, and WAV = WA, V.

An alternative for the singular value problem is to consider the problem of
finding the matrix N closest to A satisfying

Ny cw and N'WCV,

as opposed to M satisfying (3.15) and (3.16). Noschese and Reichel [62, Sec. 3]
show that

N = (1 -WW"A(I - VV*) + WWAVV*
minimizes the distance to A with

1A= NIl = |AVI7 + A" W[ - 2lW*AV 7.
As before, N satisfies the additional constraint

W*(A—zI)V = W*(N — zI)V

for any scalar z, making ||A — N||r another backward error. The unique rank-m
approximation By, satisfying

BnrV CW, B.W CV, and WAV = W'B,,V
is given by the two-sided Arnoldi approximation
B, = WWAVV* = WW*V)HV* = WK (W*V)V*.

The proposition below gives the distance between A and B,,; the proof closely
follows the arguments in [62, Prop. 3.3] but uses general left-orthonormal V and
wW.

Proposition 3.16 (Generalization of [62, Prop. 3.3]). Let V. and W have orthonor-
mal columns and define the matrix B,, = WW*AVV"; then

2 2 2
1A= Bullz = [|Allz = [1Bmnllz-
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Proof. Using the cyclic property of the trace, we obtain

|A — WWAVV*||2 = tr(A*A — A"WWAVV* — VV'A*WWA + VVA*WW AVV™)
= tr(A*A) — tr(VA*WW?AV) — tr(VA*WW?AV)
+ tr(VA*WW?AV)
= ||AlI7 = [IBmlI3-
O

We have given a two-sided analogue of Noschese and Reichel’s result for (right)
invariant subspaces. The bounds in Corollary 3.15 are particularly elegant and
efficient to compute in the context of two-sided Krylov—Schur. Distances in the
case of invariant singular subspaces are efficiently computable as well, assuming
that the Frobenius norm is used and A is explicitly available. To summarize, the
distance properties from this section can be used to gain insight into the quality
of approximate invariant subspaces.

3.8 Applications and numerical experiments

3.8.1 Eigenvalue condition numbers

Suppose we wish to compute the best-conditioned eigenvalues of a nonnormal
matrix A, which is effectively the opposite of the goal of the sensitive pole algo-
rithm [74]. For instance, A might be constructed from uncertain data making
the best-conditioned eigenvalues the most reliable ones. Alternatively, one may
be focused on the least sensitive eigenvalues of some A = A(py) obtained from
a parameterized problem for a specific set of parameters given by pg. Since the
eigenvalue condition numbers are essential quantities, the choice of a two-sided
method over a one-sided method may be appropriate.

In Table 3.1 we compare one-sided and two-sided Krylov—Schur for the com-
putation of the best-conditioned eigenvalues. That is, we are looking for an ap-
proximation 6 to an eigenvalue A and an approximation kg to (A1), where (1)
is as small as possible. We recognize that it may be more useful in practice to
restrict the search to the best-conditioned eigenvalue near a target, but we make
no such restriction here for the sake of simplicity. We measure the relative errors

1-0

‘ ‘ k() — kg
€IT) = T and eITy() = |—— v —

k()

b

as well as the number of matrix-vector products executed before the algorithms
are terminated. We use (3.10) as a stopping criterion and terminate one-sided
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and two-sided Krylov—Schur when

Av — Ov max{||Av — 6v||, ||[w*A — Ow*
lAv—6vll _ 0 g {l4v - v | I}

€210
0] - |w*v|

respectively, where the 6’s are Ritz values, where v and w are right and left
Ritz vectors with unit norm, and where € is the machine accuracy. For example,
€~ 2.22-107'% and €2!° ~ 2.27 - 107!2 for IEEE double precision floating point
numbers. We run the algorithms with minimum subspace dimension m = 25 and
maximum subspace dimension £ = 50 by default, and with m = 50 and ¢ = 100
for problems marked by an asterisk (*). All the matrices, except randn, are from a
test matrix collection of non-Hermitian eigenvalue problems [2] and are balanced
first [16]. The matrix randn is generated using the identically named MATLAB
function, and we use the same function to generate random starting vectors.

Table 3.1: Median results over 1000 runs with different random initial vectors for
computing the best-conditioned eigenvalues of nonnormal matrices with one-sided
and two-sided Krylov-Schur.

One-sided Two-sided
Name n  «k(d) err, erry (1) MVs err, errgq) MVs
randn”* 1024 3.34 | 1.25e+00 9.82e-01 800 | 1.0le—14 3.97e—-14 1100
bfw782a* 782 1.00 | 4.00e —02 9.96e — 01 100 | 3.55e—-15 3.09e - 14 200
ck656 656 1.02 | 9.75e—01 8.70e—01 1275 | 4.84e —16 3.35e —03 50
pde900 900 4.04 | 2.35e—01 1.00e + 00 1575 | 2.67e—15 1.89e —14 125
rdb1250l 1250 1.05 | 9.55e—-01 8.51e-01 400 | 7.20e —15 3.69e —15 150
olm1000 1000 1.00 | 1.00e +00 9.94e - 01 3300 | 2.99e - 14 2.94e-—-14 7525
gh1484 1484 1.00 | 1.00e +00 8.77e-01 825 | 2.87e-04 4.27e-10 75
rdb1250 1250 1.01 | 9.88e —-01 8.41le-01 350 | 5.32e-15 2.65e—-15 150
qc2534 2534 1.01 | 1.41e+00 1.00e+00 10300 | 7.36e—15 2.42e-—15 75
af23560* 23560 1.10 | 9.37e — 01 9.96e — 01 2700 | 4.98e —14 6.80e — 07 350

The results in Table 3.1 show that two-sided Krylov—Schur computes more

accurate approximations to both A and «(A) in every case, and does so using
fewer matrix-vector products in seven out of 10 cases. In particular, the total num-
ber of matrix-vector products used by one-sided Krylov—Schur is 21625, versus
9800 used by two-sided Krylov—Schur. The high relative error of the one-sided
approximations can be explained by the fact that one-sided Krylov—Schur con-
verges to incorrect eigenvalues, a problem not shared by its two-sided counterpart.
Evidently, two-sided Krylov—Schur benefits from the improved accuracy of the
two-sided condition number estimates and the two-sided Rayleigh quotient.
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3.8.2 Pseudospectra

When studying nonnormal matrices, computing pseudospectra rather than eigen-
values and condition numbers may be more insightful [89]. In particular, pseudo-
spectra provide more detailed information regarding the behavior of the eigen-
values under matrix perturbations in the nonnormal case. Indeed, one possible
definition of the e-pseudospectrum of A that clearly shows its relation with matrix
perturbations is

Ag(A) = {z € C: 2 € A(A+ E) for some E with ||E|| < &},

where A(A + E) denotes the spectrum of A + E. An alternate definition that is
more fitting for the computation of pseudospectra is

Ag(A) = {2 € C: o min(A - 2I) < &}.

Ergo, one can simply compute o nin(A — 2I) for z € C and plot &-level curves;
unfortunately, doing so for many grid points and large A is generally time- and
memory-consuming. One method to improve performance is to use one-sided
Krylov-Schur to obtain

AVm = m+1ﬂ m°
with orthonormal V41, and compute the approximation

(3.17) Omin(A = 2I) ® Tmin((A = 2I)Vp)
= O_min(V:H.l(A - ZI)Vm) = O-min(ﬂm - ZD;

see Wright and Trefethen [93]. Since the right and left singular subspaces differ
for nonnormal matrices, it seems natural to project onto a subspace distinct from
Vim+1 = span{V,,;1}. At the same time, a shift-invariant subspace is ideal if the
goal is to reduce computational effort. This suggests that the left Krylov subspace
W, belonging to A* may be an excellent choice, especially if W, approximates
an invariant subspace belonging to the eigenvalues of interest. Hence, by using
two-sided Krylov—-Schur we can compute the approximation

O'min(A - ZI) ~ O-min(W;l(A - ZI)Vm)
or, if w41 and vy,,1 have also been computed,

(3.18) T min(A — 2I) * min{omin(W,,,1(A — 2D)Vi), T min(Wy, (A — 21)Vis1)}-
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The key idea is to use the shift-invariant subspaces V,, = K, (A, v1) and W, =
Km(A*, wy) to compute the smallest singular values in a region surrounding the
eigenvalues of interest by imposing the Galerkin conditions

(A= 2V — OWyd L Wiy,
(A = 2I)'Wpd — 0V L Vp

for a large number of complex shifts z. Furthermore, the two-sided approach is
symmetric in the sense that the same results are obtained if A is replaced by A*
and the starting vectors are swapped, which is not the case for the one-sided
approximation.

We compute the pseudospectra of three disparate matrices in specific regions.
The first matrix, randn, is generated using the identically named MATLAB func-
tion. The second and third matrices, rdb800Ll and pipe, are taken from Wright
and Trefethen [93, Sec. 5]. For the Krylov—Schur algorithms we use minimum
dimension m = 25 and maximum dimension £ = 50. Table 3.2 lists additional
details, including the number of restarts, which are hand-picked to achieve near
optimal results. Because of the conditioning of the eigenvalues, we recompute
V" 1AV and W AV, before computing the pseudospectra, as opposed to

Vm+1)ﬂm and (V:1+1Wm+1)Km.

working with (W)

Table 3.2: The dimension size, region of interest, target, use of harmonic extraction,
and number of restarts (#RS) for one-sided and two-sided Krylov—Schur for each

matrix.
Name n Region Target Harmonic #RS-1 #RS-2
randn 1024  [-27, -17] x [17, 25] —22 + 21i Yes 100 25
rdb800l 800 [-1.1, 1.1] X [-0.25, 2.75] +1.25i No 125 50
pipe 402 [-0.15, 0.05] x [—0.05, 0.05] +0.05 Yes 1500 1000

The pseudospectra of the test matrices can be seen in Figure 3.2, and their
approximations with one-sided and two-sided Krylov—Schur in Figures 3.3 and
3.4, respectively. The latter two figures also include heat maps of the quantity

Omin(A —2I) -6
O'min(A - ZI)

(3.19) z > log;,

B

where 6 is the approximation from either (3.17) for one-sided Krylov—Schur or
(3.18) for two-sided Krylov-Schur. The first two subplots in Figure 3.3 show
that one-sided Krylov-Schur is capable of capturing the qualitative behavior
of the pseudospectrum reasonably well, although the level curves appear to be
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“shifted”. For instance, the outermost level curve in the rdb8 00l approximation
corresponds to € = 1079, while the true pseudospectrum has the level curve
for € = 107%® at approximately the same position. The displacement of the level
curves is presumably caused by the high relative errors in the approximate singular
values. Indeed, for the same two examples, two-sided Krylov—Schur achieves
lower relative errors and has better contour approximations. The approximation
quality in the last example is comparable for both methods, with the two-sided
Krylov—-Schur approximation being more accurate near the eigenvalues, and the
one-sided Krylov—Schur approximation being better further away. This contrast
might be explained by the two-sided Rayleigh quotient having faster asymptotic
convergence than the one-sided Rayleigh quotient. Finally, we remark that only
the one-sided approximation of the singular value is monotonic in the sense that

Omin(A — 2I) < omin(V;,,, 1 (A — 2I)Vp),
and as a result, there are areas where
Tmin(A—2I) < Tmin(Wi(A=2D)Vy) or  Omin(A—2I) > Tmin(Wii (A—2)V;y),
separated by curves where
Omin(A — 2I) = omin(W,, (A — 2)Vp).

These “zero-error” curves tend to connect accurate Ritz values and show up as
dark(er) lines in the heat maps in Figure 3.4.

3.9 Conclusion

We have presented a two-sided Krylov—Schur method for nonnormal matrices
as a natural generalization of the one-sided Krylov—Schur approach by Stewart.
An advantage of two-sided Krylov—-Schur over two-sided Lanczos is the use of
orthonormal bases, and an advantage over one-sided Krylov—Schur is the simul-
taneous approximation of left and right eigenvectors or eigenspaces. The two-
sided approximations may already give useful information concerning eigenvalue
conditioning during the iterations. Furthermore, for some applications, the two-
sided method may converge with fewer matrix-vector products than the standard
Krylov-Schur method.

Primary disadvantages of the new method are the computational cost per
iteration, which is roughly twice that of the one-sided Krylov—Schur method, and
potential numerical stability and accuracy issues in the computation of the Ritz
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Figure 3.2: Pseudospectra of randn (left), rdb800Ll (middle), and pipe (right). The
level curves range from 10717 t0 10795, 10714 t0 10795, and 107> to 10733,
respectively.
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Figure 3.3: Level curves for the pseudospectra approximations obtained with one-
sided Krylov—Schur, with randn (left), rdb800l (middle), and pipe (right). The heat
maps show the value of the error measure defined in (3.19) and have the average
values +0.249, +0.366, and —1.372, respectively.
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Figure 3.4: Level curves for the pseudospectra approximations obtained with one-
sided Krylov-Schur, with randn (left), rdb800l (middle), and pipe (right). The heat
maps show the value of the error measure defined in (3.19) and have the average
values —1.464, —0.920, and —1.597, respectively.
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values. The numerical issues caused by oblique projections can mainly be avoided
with a proper implementation, as discussed in Section 3.5.

The two-sided Krylov—Schur method may be combined with either the stan-
dard two-sided Rayleigh—Ritz extraction or the harmonic two-sided Rayleigh-Ritz
extraction. We have seen that the implementation of the standard two-sided
extraction is relatively straightforward, while the implementation of the harmonic
extraction is more complicated.

Theoretical convergence properties have been investigated and generalized
and show when and how well we can expect two-sided methods to converge.
Furthermore, numerical experiments demonstrate that two-sided Krylov—Schur
may excel in finding the best-conditioned eigenvalues of nonnormal matrices.
Additional numerical experiments show that the shift-invariant left and right
Krylov spaces computed with two-sided Krylov—Schur may be useful for the
approximation of pseudospectra.



Chapter 4

Multidirectional subspace expansion for one-
and multiparameter Tikhonov regularization

Abstract. Tikhonov regularization is a popular method to approximate solutions of linear discrete
ill-posed problems when the observed or measured data is contaminated by noise. Multiparameter
Tikhonov regularization may improve the quality of the computed approximate solutions. We
propose a new iterative method for large-scale multiparameter Tikhonov regularization with general
regularization operators based on a multidirectional subspace expansion. The multidirectional
subspace expansion may be combined with subspace truncation to avoid excessive growth of the
search space. Furthermore, we introduce a simple and effective parameter selection strategy based
on the discrepancy principle and related to perturbation results.

Key words. Tikhonov, multiparameter Tikhonov, generalized Krylov, multidirectional subspace
expansion, subspace truncation, subspace method, linear discrete ill-posed problem, regularization,
regularization parameter.

AMS subject classification. 15A29; 65F10; 65F22; 65F30; 65R30; 65R32

4.1 Introduction

We consider one-parameter and multiparameter Tikhonov regularization prob-
lems of the form

4
(4.1) argmin ||Ax — b||> + Zuinﬁxnz (€ > 1),
x i=1

where || - || denotes the 2-norm and the superscript i is used as an index. We focus
on large-scale discrete ill-posed problems such as the discretization of Fredholm
integral equations of the first kind. More precisely, assume A is an ill-conditioned
or even singular m X n matrix with m > n, L! are p' X n matrices such that the
nullspaces of A and L' intersect trivially, and u' are nonnegative regularization
parameters. Furthermore, assume b is contaminated by an error e and satisfies

61
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b = Ax, + e, where x, is the exact solution. Finally, we assume that a bound
|le]| < € is available, so that the discrepancy principle can be used.

In one-parameter Tikhonov regularization (£ = 1), the choice of the regu-
larization operator is typically significant, since frequencies in the nullspace of
the operator remain unpenalized. Multiparameter Tikhonov can be used when
a satisfactory choice of the regularization operator is unknown in advance, or
can be seen as an attempt to combine the strengths of different regularization
operators. In some applications, using more than one regularization operator and
parameter allows for more accurate solutions [4, 13, 53, 57].

Solving (4.1) for large-scale problems may be challenging. In case the u' are
fixed a priori, methods such as LSQR [67] or LSMR [20] may be used. However,
the problem becomes more complicated when the regularization parameters are
not fixed in advance [34, 47, 53]. In this chapter, we present a new subspace
method consisting of three phases; a new expansion phase, a new extraction
phase, and a new truncation phase. To be more specific, let X C R" be a subspace
of dimension k < n, and let the columns of X} form an orthonormal basis for X.
Then we can compute matrix decompositions

AXy = Uk+1H,,
4.2) i i .

X, =ViKL  (i=1,2,...,0),
where Ui,; and Vli have orthonormal columns, fu; = b, § = ||b]|, H, is a
(k+1)xk Hessenberg matrix, and K]i is upper triangular. Denote u = (i, ..., u%)

for convenience. Now restrict the solution space to X} so that xx(u) = Xgcx (),
where

4
argmin ||AXxc — b||? + Z f L X e ||
¢ i=1

cr(p)
4.3)

4
argmin [[Hye ~ erl|* + ) ul[Kel >
¢ i=1

The vector e; is the first standard basis vector of appropriate dimension. Our
chapter has three contributions. First, a new expansion phase where we add mul-
tiple search directions to Xj. Second, a new truncation phase which removes
unwanted new search directions. Third, a new method for selecting the regulariza-
tion parameters u;; in the extraction phase. The three phases work alongside each
other: the intermediate solution obtained in the extraction phase is preserved in
the truncation phase, whereas the remaining perpendicular component(s) from
the expansion phase are removed.
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The chapter is organized as follows. In Section 4.2 an existing nonlinear
subspace method is discussed, whereafter we propose the new multidirectional
subspace expansion of the expansion phase. Discussion of the truncation phase
follows immediately. Section 4.3 is focused on discrepancy principle based para-
meter selection for one-parameter regularization. New lower and upper bounds
on the regularization parameter are provided. Sections 4.4 and 4.5 describe the
extraction phase. In the former, a straightforward parameter selection strategy
for multiparameter regularization is given, in the latter, a justification using
perturbation analysis. Numerical experiments are performed in Section 4.6 and
demonstrate the competitiveness of our new method. We end with concluding
remarks in Section 4.7.

4.2 Subspace expansion for multiparameter Tikhonov

Let us first consider one-parameter Tikhonov regularization with a general regu-
larization operator. Then £ = 1 and we write u = u', L = L}, and Ky = K;, such
that (4.1) simplifies to

argmin ||Ax — b||? + u||Lx||?.
X
When L = I we use the Golub—Kahan-Lanczos bidiagonalization procedure to
generate the Krylov subspace
X = Kr(A*A, A*b) = span{A*b, (A*A)A™D, ..., (A"A)1A*b}.
In this case H, is lower bidiagonal and K is the identity and

(I = XiX; ) A Uup+1
(I = Xk X)) A ug 1 ||

Xi+1 =

If I # I one can still try to use the above Krylov subspace [34], however, it may
be more natural to consider a shift-independent generalized Krylov subspace of
the form

X = Ki(A™A, LL, A™D),
spanned by the first k vectors in

Group 0 A’b
Group1 (A'A)A™b, (L*L)A*b
Group 2 (A*A)2A*b, (A*A)(L*L)A*D, (L*L)(A*A)A*b, (L*L)*A*b
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This generalized Krylov subspace was first studied by Li and Ye [55] and later
by Reichel, Sgallari, and Ye [71]. An orthonormal basis can be created with a
generalization of Golub-Kahan-Lanczos bidiagonalization [35]. However, while
the search space grows linearly as a function of the number of matrix-vector
products, the dimension of the generalized Krylov subspace grows exponentially
as a function of the total degree of a bivariate matrix polynomial. As a result, if
we take any vector x € Kx(A*A, L*L, A*b) and write it as p(A*A, L*L)A*b, where
p is a bivariate polynomial, then p has at most degree |log, k]. This low degree
may be undesirable especially for small regularization parameters u. Reichel and
Yu [72, 73] solve this in part with algorithms that can prioritize one operator
over the other. For instance, if w is a vector in a group j and B has priority
over A, then group j + 1 contains (A*A)w, (B*B)w, (B*B)*w, ..., (B*B)’w. The
downside is that p is a user defined constant, and that the expansion vectors are
not necessarily optimal.

An alternative approach is a greedy nonlinear method described by Lampe,
Reichel, and Voss [53]. We briefly review their method and state a straightforward
extension to multiparameter Tikhonov regularization. First note that the low-
dimensional minimization in (4.3) simplifies to

ci(u) = argmin ||AXgc — b||? + u||LXxc||?
C

= argmin || H,c — Be1||* + u||Kic||®
C

in the one-parameter case. Next, compute a value u = u using, e.g., the discrep-
ancy principle. It is easy to verify that

Ab—(A"A + piL*L)xx(pk)
= A'Ur+1(Ber — Hyer(ur)) + urL™VieKicer (ug)

is perpendicular to X%, and is also the gradient of the cost function
1
x - —(llAx - b||? + p||Lx|1?)

in the point x(ux). Therefore, this vector is used to expand the search space. As
usual, expansion and extraction are repeated until suitable stopping criteria are
met.

As indicated previously, Lampe, Reichel, and Voss [53] consider only one-
parameter Tikhonov regularization, however, their method readily extends to
multiparameter Tikhonov regularization. Again, the first step is to decide on
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regularization parameters ux. Next, use the residual of the normal equations
¢
A*b—(A*A > ,u;(L‘*Ll)xk(uk)
i=1

¢
= AU (Ber — Hyci(pe) — ) phL VKl cx(u)
i=1

to expand the search space. Note that the residual is again orthogonal to A% and
also the gradient of the cost function

¢
1 .
X = E(IIAX ~b||* + E I x|1%),
i=1

We summarize this multiparameter method in Algorithm 4.1, but remark that in
practice we initially use Golub—Kahan-Lanczos bidiagonalization until a pj can
be found that satisfies the discrepancy principle.

Algorithm 4.1 (Generalized Krylov subspace Tikhonov regularization; extension
of [53]).
Input: Measurement matrix A, regularization operators L', ..., L!, and data b.
Output: Approximate solution xx = X.
1. Initialize 8 = ||b]|, U1 = b/B, Xo =[], xo = 0, and po = 0.
fork=1,2 ... do

Expand Xi_; with A*b — (A*"A + X, pt_ L Lxe 1.

Update AXy = Uxy1H, and L'Xy = VliKi.

Select py; see Section 4.4 and Algorithm 4.3.

Ci = argmin, ||[ﬂk; \/u_iK;; e \/,u_iK,f] c— ,Be1||.

X, = Xka.

if ||xx — xx—1||/||xk]| is sufficiently small then break

Ny wDd

Suitable regularization operators often depend on the problem and its solu-
tion. Multiparameter regularization may be used when a priori information is
lacking. In this case, it is not obvious that the residual vector above is a “good”
expansion vector, in particular if the intermediate regularization parameters pty
are not necessarily accurate. Hence, we propose to remove the dependence on
the parameters to some extent by expanding the search space with the vectors

(4.4) AAxi(pr), LV L'xe(ue), ..., LU Loq(ux)
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separately. Here, we omit A*b as it is already contained in Xj. Since we expand
the search space in multiple directions, we refer to this expansion as a “multi-
directional” subspace expansion. Observe that the previous residual expansion
vector is in the span of the multidirectional expansion vectors.

It is unappealing for the search space to grow with € + 1 basis vectors per iter-
ation, because the cost of orthogonalization and the cost of solving the projected
problems depend on the dimension of the search space. Therefore, we wish to
condense the best portions of the multiple directions in a single vector, and use
the following approach. First we expand X; with the vectors in (4.4) and obtain
Xis¢+1. Then we compute the decompositions

AXprt+1 = Uk+£+2ﬂk+[+1,

L'Xirt1 = Vli+€+1 Il<+£’+1 (i=1,2,..,0),

analogously to (4.2), and determine parameters py+1 and the approximate solu-
tion €4 ¢4+1. Next, we compute

A(}?k+€+1Z*) = (Uk+€+2p*)(PEk+g+1Z*),

45) = x =i i i 7 x .
Ll(Xk+€+1Z ) = (Vk+[+1Q )(Q Kk+€+1Z ) (i=1,2,...,1),

where Z, P, and Q' are orthonormal matrices of the form

I I . I
4.6) Z = k _ p= k+1 . Q= k

Zea Pria Qlf+1

Here Iy is the k X k identity matrix and Z¢, is an orthonormal matrix so that
Zp41Cki1:k+¢+1 = 7ye1 for some scalar y. The matrices P,,1 and Q,,, are com-

puted to make E wer+1Z " and E;( o412 respectively upper-Hessenberg and upper-

triangular again. At this point we can truncate (4.5) to obtain
AXp1 = Uk+2ﬂk+1,
L'Xk41 = Vi 1Ky i=1,2,...,0),

and truncate ZC.¢+1 to obtain c41 so that Xii¢+1Cksr+1 = Xk+1Ckr1. The trun-
cation is expected to keep important components, since the directions removed
from X, ¢41 are perpendicular to the current best approximation xy,1, and also
to the previous best approximations xj, Xx—_1, ..., x1. If the rotation and trun-
cation are combined in one step, then the computational cost of the method is
O((€+1)(n+m+p' +---+p’)), which quickly becomes smaller than the (re)or-
thogonalization cost as k grows.
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To illustrate our approach, let us consider a one-parameter Tikhonov example
where £ = 1. First we expand X7 = x1 with vectors A*Ax1 and L*Lx;. Let AX1+2 =
U2+2H +o and LX1+2 = V1+2K1+2, and use H 4o and K1+2 to compute ¢145. We
then compute a rotation matrix Z, so that Z2c2 .3 = %|[ca:3]le1, and let Z be
defined as in (4.6). The matrices H H,,,Z" and KHZZ no longer have their original
structure, hence, we need to compute orthonormal P and Q such that PH H, 2"
is again upper-Hessenberg and QK142Z* is upper-triangular. Schematically we
have

?{+2 [ ] (ZEHZ)*
— (X X X| — X X 0f,
X X X X X X X X X
Hy, |X X X| HyoZ' |X X X| PHLL,Z" X X X
% ,
0 X X 0 X X 0 X X
0 0 X 0 X X 0 0 X
N X X X[ _ X x| X X X
Ki42 K142Z* QK427
— |0 X — X| — |0 X .
0 x| 0 X 0

accompanied by the decompositions

A(X1+ZZ ) - (U2+2P )(PH1+2Z )’
L(X142Z%) = (V142Q")(QK142Z").

At this point we truncate the subspaces by removing the last columns from X1427%,
UogioP*, PH1+2Z V142Q*, and QK1.,Z*, and the bottom rows of PH1+2Z* and

QK1.42Z*, to obtain

AXy = UsH,,
LXy = VoK.

Below we summarize the steps of the new algorithm for solving problem (4.1).
In our implementation we take care to use full reorthogonalization and avoid
extending Xy, Ug+1, and V,i with numerically linearly dependent vectors. We omit
these steps from the pseudocode for brevity. In addition, we initially expand the
search space solely with A*uy,1 until the discrepancy principle can be satisfied
conform Proposition 4.1 in Section 4.3.
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Algorithm 4.2 (Multidirectional Tikhonov regularization).

Input: Measurement matrix A, regularization operators. L, ..., LY, and data b.

Output: Approximate solution xj = Xy.

1. Initialize 8 = ||b||, U1y = b/B, Xo =[], xo = 0, and uy = 0.
fork=0,1,...,do

2. Expand X; with A*Axy, L' Llxy, ..., L Lix. N
3. Update AX](+{7+1 = Uk+[+2ﬂk+€+1 and Lle+{+1 = Vli+€+1K]l{+€+1'
4. Select py; see Section 4.4 and Algorithm 4.3.
~ _ : 7 oA 17 . oA Lt
S. Chk++1 = argming ” [Ek+£’+1’ HicKipas -+ o3 '“kKk+(f+1] c- Be1||.
6. Compute P, Q, and Z (see text).
7. Truncgtg A(Xk+g+1Z*l; (Uk+.g+2Pf)ﬁgl.3ﬂk+€+lZ*)
and L% r012") = (Vi 1, QNQKL 1, 2")
to AXk+1 = Uk+2ﬂk+1 and Lle+1 = V]E+1K]l<+1'
8. Truncate ZCy,¢+1 to obtain cx4q and set Xx41 = Xik4+1Cks1-
9. if ||xx+1 — xx||/||xx|| is sufficiently small then break

We have completed our discussion of the expansion and truncation phase
of our algorithm. In the following section we discuss the extraction phase for
one-parameter Tikhonov regularization and discuss the multiparameter case in
later sections.

4.3 Parameter selection in standard Tikhonov

In this section we investigate parameter selection for general form one-parameter
Tikhonov, where £ = 1, u = u!, and L = L. Multiple methods exist in the one-
parameter case to determine particular uy, including the discrepancy principle,
the L-curve criterion and generalized cross validation; see, for example, Hansen
[28, Ch. 7]. We focus on the discrepancy principle which states that p; must
satisfy

(4.7) [|Axi(ux) — b|| = 1€,

where ||e|| < € and > 1 is a user supplied constant independent of €.
Define the residual vector ri(u) = Axi(u) — b and the function ¢(u)
lrc(1)||>. A nonnegative uy satisfies the discrepancy principle if ¢(uy) = 72
It is known that root finding methods can find solutions, for example, Lampe,
Reichel, and Voss [53] compare four of them. We prefer bisection for its reliability
and straightforward analysis and implementation. The performance difference
is not an issue because root finding requires a fraction of the total computation

€.
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time and is no bottleneck. A unique solution uy exists under mild conditions, see
for instance [14]. Below we give a proof using our own notation.

Assume H, and Kj are full rank and let PkaQ,’i be the singular value decom-
position of H, K- !, Let the singular values be denoted by

(4.8) Omax =01202 2 - 20k = Opin > 0.
Now we can express cx(u) and ¢ as

ck(p) = (HyH, + uK;Ke) ™ Hy Beq
= K '(K; "HyH K '+ pl) 'K, "Hy Bea
= K Qu(Zf + uI) " kP Bey

and

e(u) = || Ber — Hyex(w)ll?
= B*ller — H K ' Qi(ZF + pul) ™' ZiPren ||
= B2I(I - PxP})er + PrPjer — PiZu(Z2 + ul) 'Sy Pies |
= B2I(I = PePPen||* + B2 llu(ZF + ul) " Pies ||,

Or alternatively,

k 2
. M
(4.9) @) = BI(I - PePes* + B2 JZ] (02 " M) Pyl

J

Observe that Py is a basis for the range of H, and I — PxP, is the orthogonal
projection onto the nullspace N'(H;) and is sometimes denoted by Py - Fur-
thermore, it can be verified that H, Be; # 0 if A*b # 0, that is, b ¢ N'(A").

Proposition 4.1. If 52||(I — PP})e; 12 < n2%€? < ||b||?, then there exists a unique
Ur > 0 such that o(uy) = n%€2

Proof. (See also [14] and references therein). From (4.9) it follows that ¢ is a
rational function with poles u = —O'J.2 for all oj > 0, therefore, ¢ is C* on the
interval [0, o0). Additionally, ¢ is a strictly increasing and bounded function on
the same interval, since

2
d 2 1o
Rl =2——2 >0 forall u>0
du 0'].2+p (O'j2+/,l)3
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implies ¢’(u) > 0 and
¢(0) = B = PePDerl> and  lim () = B = [B]1.

Consequently, there exists a unique px € [0, o0) such that ¢(ui) = €. O

Beyond nonnegativity, the proposition above provides little insight on the location
of uy on the real axis, and we would like to have lower and upper bounds. We
determine bounds in Proposition 4.2 and believe the results to be new. Both in
practice and for the proof of the subsequent proposition, it is useful to remove
nonessential parts of ¢(u) and instead work with the function

k 2
e e R

p? T \otH

and the quantity

22
— e -0
(410) 62 = TIB—ZSO()
Then 0 < @(u) < p, where p = ||Pe1|| < 1, and n2€? satisfies the bounds
in Proposition 4.1 if and only if 0 < € < p, and ¢(ux) = n2€? if and only if
Plux) = €
Proposition 4.2. If 0 < € < p, and py is such that p(uy) = €2, then

€ 2 € 2
(411) Fe_ﬂ'mm < Uk <

=0
p —€ max’

where 0 min and 0 max are as in (4.8).
Proof. Observe that
U <P . U

2 = 2 =2
Omax TH 05 +pu O +H

forall j =1, ..., k. Combining this observation with the definition of §5 yields

2
ﬂk 2
E p E Prl7; £ E p

] mm

Since Z —1 |Pk|1] = ||P"e1||2 = p? and p(uy) = €2, it follows that

ZLP <e< ZL
O max + Hk O min T Mk
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Hence, if € = 0, then ux = 0 and we are done. Otherwise ux # 0 and we can
divide by p, take the reciprocals, and subtract 1 to arrive at

2 2
0 max > ,—Fi— 1> min,
Mk € Hik
so that
€
Mk < < Mk

2

= 5
0 max p—-—€e o

min

and the proposition follows. |

It is undesirable to work with the inverse of K; when it becomes ill-conditioned.
Instead it may be preferred to use the generalized singular value decomposition
(GSVD)

H, = PCiZ; ",
Kk = QiSkZ;

where P; and Qj have orthogonal columns and Zj is nonsingular. The matrices
Cy and Sy are diagonal with entries 0 < ¢; < ¢y < -+ < ¢ and respectively
s1 = --- > sg = 0, such that cl.2 + 51.2 = 1. The generalized singular values are
given by c;/s; and are understood to be infinite when s; = 0. If K is nonsingular,
then the generalized singular values coincide with the singular values of H, K, 1
See Golub and Van Loan [24, Section 8.7.4] for more information.

Using a similar derivation as before, we can show that

k 2 2
1s;
2 * 2 2 J 2
= I — PP )er||” + E —= | |Pxli;
()0(/“’[) B ||( k k) 1” ﬁ j:1 (C]2 +IJS2) | kll]

J

and that the new bounds are given by

¢ [c1)® e ()\?
p—€\s1 p — €\Sk
Here uy is unbounded from above if s = 0, that is, if K; becomes singular.
The bounds in this section can be readily computed and used to implement

bisection and the secant method. We consider parameter selection for multipara-
meter regularization in the following section.
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4.4 A multiparameter selection strategy

Choosing satisfactory H;; in multiparameter regularization is more difficult than
the corresponding one-parameter problem. See for example [4, 13, 22, 41, 52,
57]. In particular, there is no obvious multiparameter extension of the discrepancy
principle. Nevertheless, methods based on the discrepancy principle exist and we
will discuss three of them.

Brezinski et al. [13] have had some success with operator splitting. Substi-
tuting u}; = vli(a);; in (4.3) with nonnegative weights w}( and Zle w;'{ = 1 leads
to

4

argmin ) wi(l|H,c - Beall* + vil|Kjel?).
¢ =

This form of the minimization problem suggests the approximation of X, x, by a
linear combination [13, Sec. 3] of ¢; (v, ), where

(4.12) c,i(v) = argmin ||H,c - Beq||® + v||K,i<c||2 (i=12,...,0)
C

and where v]i( is such that |H kc]i((v,i) — Bei1|| = ne. Alternatively, Brezinski et al.

consider solving

cx = argmin || [Ek; N/V—;KI}; R \/v_,fK,f] c — Beq||,
C

where V! are fixed and obtained from (4.12). The latter approach provides better
results in exchange for an additional QR decomposition. In either case, opera-
tor splitting is a straightforward approach, but does not necessarily satisfy the
discrepancy principle exactly.

Lu and Pereverzyev [56] and later Fornasier, Naumova, and Pereverzyev [21]
rewrite the constrained minimization problem as a differential equation and
approximate

{
F(p) = | Hyer(p) - Berll® + > | Kher(p)]|?
i=1

by a model function m(u) which admits a straightforward solution to the con-
structed differential equation. However, it is unclear which u the method finds
and its solution may depend on the initial guess. On the other hand, it is possible
to keep all but one parameter fixed and compute a value for the free parameter
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such that the discrepancy principle is satisfied. This allows one to trace discrep-
ancy hypersurfaces to some extent.

Gazzola and Novati [22] describe another interesting method. They start with
a one-parameter problem and successively add parameters in a novel way, until
each parameter of the full multiparameter problem has a value assigned. Especially
in early iterations the discrepancy principle is not satisfied, but the parameters are
updated in each iteration so that the norm of the residual is expected to approach
ne. Unfortunately, we observed some issues in our implementation. For example,
the quality of the result depends on initial values, as well as on the order in which
the operators are added (that is, the indexing of the operators). The latter problem
has been solved by a recently published and improved version of the method [23].

We propose a new method that satisfies the discrepancy principle exactly,
does not depend on an initial guess, and is independent of the scaling or indexing
of the operators. The method uses the operator splitting approach in combination
with new weights. Let us omit all k subscripts for the remainder of this section,
and suppose u' = pw', where w' are nonnegative, but do not necessarily sum to
one, and u is such that the discrepancy principle is satisfied. Then (4.3) can be
written as

¢
(4.13) argmin ||[Hc — SBeq||* + u Z w'||K'c|).
¢ i=1
Since the goal of regularization is to reduce sensitivity of the solution to noise,
we use the weights

C el
(4.19) = —
“ = Ipdo)|

which bias the regularization parameters in the direction of lower sensitivity with
respect to changes in v'. Here D denotes the (total) derivative with respect to
regularization parameter(s), and c¢' and v' are defined as before, consequently

Dcl(vY) = —(H'H + vIK"K) KUK (V).
If for some indices Dci(v!) = 0, then we take a c¢'(v') as the solution, or replace
||Dc'(v")|| by a small positive constant. With this parameter choice, the solution
does not depend on the indexing of the operators, nor, up to a constant, on the

scaling of A, b, or any of the L'. The former is easy to see; for the latter, let , y,
and A' be positive constants, and consider the scaled problem

t
argmin ||yb — ¢ AX]|* + u Z o'l AL,
x i=1
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The noisy component of yb is ye and ||ye|| < vye, hence the new discrepancy
bound becomes

leAx — yb|| = yne.

The bound is satisfied when @' = @?/(1%)? !, since in this case

a’ -1
= 2 iN27i*7i * Y
= (a?A'A + AL L) Ayb =1
X ( pru)z( ) aA’y =
and
. . ( . .
min [[yb— WA 4 Y0 YALRI? = 2 ( min ax-bI*+p ) ' ILix]).
i=1 i=1

It may be checked that the weights in (4.14) are indeed proportional to a?/(1%)?,
that is

_ lldonl  e?
IO~ A

There are additional viable choices for w', including two smoothed versions of
the above:

o lECOD)]| (ki)
IEDSG)] KD

which consider the sensitivity of ¢!(v!) in the range of H and K' respectively. We
summarize the new parameter selection in Algorithm 4.3 below.

Algorithm 4.3 (Multiparameter selection).
Input: Projected matrices H, K, ..., K¢, B = ||b||, noise estimate €, uncertainty
parameter 17, and threshold 7.
Output: Regularization parameters u s eens ,uf.
1.  Use (4.12) to compute c¢' and v'.

if |Dci(vY)|| < ||c'(vY)|| for some i then

2. Setw' =71 1;orsetu’ =viand u/ = 0 forj # i.
else
3. Let ' = [ ()II/IDe' (V)]
4. Compute y 1n (4.13) such that the discrepancy principle is satisfied.

5. Set u' = pw'.
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An interesting property of Algorithm 4.3 is that, under certain conditions, c(u(€))
converges to the unregularized least squares solution

c(0) = (H'H) 'H"Be1 = H* Be;

as € goes to zero. Here H* denotes the Moore—Penrose pseudoinverse and c(0)
is the minimum norm solution of the unregularized problem. The following
proposition formalizes this observation.

Proposition 4.3. Assume that H is full rank, H* fe; # 0, and that K' is nonsin-
gular fori =1, ...¢. Let € and p be defined as in Section 4.3, let > 1 be fixed,
and suppose that v'(€) and

p@ = @@, ... @) = @@ @) ... 0 (@)

are computed according to Algorithm 4.3 for all 0 < € < p. Then
lim w'(v'(€)) = w'(0) and limc(u(€)) = ¢(0).
€l0 €l0

Proof. First note that H* fe; # 0 implies that 8 > 0 and p > 0. Since H is full
rank, the maps

vis cl(v), v Dc(v), and p s c(u)

are continuous for all v > 0 and u > 0, where the latter bound should be
interpreted element-wise. Hence

limci(v) = ¢'(0), limDcl(v) = Dc'(0), and limec(u) = c(0).
v10 v10 plo
It remains to be shown that

(4.15) limvi(€) =0, ||Dc'(0)|| #0, and limpu(€) = 0.
€lo €lo

Let € be restricted to the interval [0, p/2] and define v\, = o2, (H(K))™!). By
Proposition 4.2,

. € . .
i i i
0<v (a = p—gvrnax < Vmaxs

which proves the first limit in (4.15). Furthermore, using the definitions of
c'(vi(€)) and Dc'(vi(€)) we find the bounds

O_min(ﬂ)
1H1? + Vinax|I K]
K% || H e

Tmin(H)o 2 (KY) o
e < D@ < pp——;
(H|* + vinax I KH|?) o-. (H)

<pB < [l @)l < pBlIH e,

<pB

’
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which show that the inequality in (4.15) is satisfied. Moreover, the bounds show
there exist Wmin, and wmax such that

0 < Wmin < wi(g) < Wmax < 0.

Now, let K(€) be the nonsingular matrix satisfying
f . . .
K(@'K@) = ) v (@K K’
i=1

then it can be checked that

IH|*

mini wmino-ﬁﬁn(Ki)

|HK(&)!||* <

Define the right-hand side of the equation above as M, then by Proposition 4.2,
each entry of u(€) is bounded from below by 0 and from above by

€

p ngmaX7

which goes to 0 as € | 0. This proves the second limit in (4.15). m]

Proposition 4.3 is related to [25, Thm 3.3.3], where it is shown that the solution
of a standard form Tikhonov regularization problem converges to a minimum
norm least squares solution when the discrepancy principle is used and the noise
converges to zero.

In this section we have discussed a new parameter selection method. In the
next section we will look at the effect of perturbations in the parameters on the
obtained solutions.

4.5 Perturbation analysis

The goal of regularization is to make reconstruction robust with respect to noise.
By extension, a high sensitivity to the regularization parameters is undesirable.
Consider a set of perturbed parameters uy + Ap; if ||Ape|| is sufficiently small

ck(px) + Dex(pui)Ap + O(||Apl?)
= ck(px) — M AMer(pux) + O(|Apl?),
where M and AM are defined as

cr(pr + Ap)

{ {
(416) M =HyH, + > piKi'K. and AM = )" AuiKi'K.
i=1 i=1
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Therefore, one might choose p; to minimize the sensitivity measure

IDe(pi)Apll = M~ AMc(py)||-
To see the connection with the previous section, suppose that u = v]iei and
Ap = £||Ap|le;, then
1M AMex()l| _ IDek(uepll _ 1D 0N IARIT _ jjAu])

IM~tAM|| > = = e
llex (il llex (il e, VIl ah

Thus, larger weights a)]ic correspond to smaller lower bounds on ||[M~!AM]||. Hav-
ing small lower bounds is desirable, since we show in Proposition 4.4 and 4.5 that
minimizing ||M~'AM]|| is equivalent to minimizing upper bounds on the forward
and backward errors respectively.

Proposition 4.4. Given regularization parameters ,u;< and perturbations ,ui =
My + A,u;({ let cx = cx(pr), cx = cr(px), Xx = XiCx, and x4 = XyCx. Assume H,
and all K;_are of full rank and define matrices M and AM as in (4.16). If M and
M + AM are nonsingular and the Ay, _are sufficiently small so that ||M “IAM| < 1,
then

o -l _ 1M AMj
el ~ T [MTAM]

Proof. Observe that cx = M‘lﬂiﬁel and ¢, = (M + AM)_lﬂi,Bel. With a little
manipulation we obtain

¢x = (M +AM) ' Mey = (1+ M7'AM) o = ) (-M 7' AMY .
=0

It follows that

ck—¢ 1 ||« . > . M~'AM
e = el D -MTAMY el < " IMTIAM < M AMI - I
ledl~ Teell| £ = 1- [MIAM]
Since X has orthonormal columns, the result of the proposition follows. O

One may wonder if it is possible to pick a vector f close to Se; such that
ck = (M + AM)'H; f.

Or in other words, given perturbed regularization parameters, is there a perturba-
tion of Be; such that the optimal approximation to the exact solution is obtained?
The following proposition provides a positive answer.
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Proposition 4.5. Under the assumptions of Proposition 4.4, there exist vectors f
and g such that ¢, = (M + AM)_lﬂ;if and ¢y = M‘lﬂzg. Furthermore, f and g
satisfy

M~ 'AM
| Ber — fIISK(Hk) I 4 I ,
Il Bell 1-[IMtAM]|
llBer —gll _
< k(H,)IM*AM|,
T Beull

where k(H, ) is the condition number of H,.

Proof. The vector f is easy to derive using the Ansatz
(M +AM)™ Hyf = M™'H Ber.

Let H, = QR denote the reduced QR-decomposition of H,, then
R*Q*f = (M + AM)M ™" H; e

and
f=QR*(M+AM)M "H;Be; + (I - QQ" W

for arbitrary v. Indeed, it is easy to verify that the above vector satisfies
ck = (M + AM)'H; f.

If we choose v = Bej, then
f=QRAMM 'R*Q"Be1 + Bey,

so that

lIBex = I
iBenll

Here ||[R™*|| ||R*|| is the condition number «(H,) and [|[AMM™!|| = |[M~'AM]|,
since both M and AM are symmetric. This proves the first part of the proposition.
The second part is analogous. In particular, we use the Ansatz

= IQRTAMM™'R*Q"e1| < [R7[ IIR*|| [|AMM |-

M™'Hyg = (M + AM)"'H;; Be;
and derive

g =R*QM(M + AM) 'H; Be; + (I - QQ*)Be.
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Again it is easy to verify that ¢, = M~ 'H 18- Observe that g can be rewritten as
g=R7QU+AMM ™)™ —R'Q"Pes + Pey,

such that

l1Be —£II IR™*((I + AMM ™)' —DR*Q%ey |
Il Beall

< IRTIIRAN T + AMM—H ™ -1
Since ||[AMM™!|| = ||[M~'AM]|| < 1, it follows that

IM~tAM]|

I+AMM ™)™ -1 < —AMM M = —————
I IR EDN P = T

j=1
which concludes the proof. O

We have discussed forward and backward error bounds which help to choose
our parameters. Now that we have investigated each of the three phases of our
method, we are ready to show numerical results.

4.6 Numerical experiments

We benchmark our algorithm with problems from Regularization Tools by Hansen
[27]. Each problem provides an ill-conditioned n X n matrix A, a solution vector
x, of length n and a corresponding measured vector b. We take n = 1024 and
add a noise vector e to b. The entries of e are drawn independently from the
standard normal distribution. The noise vector is then scaled such that € = ||e||
equals 0.01||b|| or 0.05||b|| for 1% and 5% noise respectively. We use n = 1.01
for the discrepancy bound in (4.7). We test the algorithms with 1000 different
noise vectors for every triplet A, x,, and b and report the median results.

The algorithms terminate when the relative difference between two subse-
quent approximations is less than 0.01, when xj,; is (numerically) linear de-
pendent in Xj, when both Uy,; and none of the V,i can be expanded, or when a
maximum number of iterations is reached. For Algorithm 4.2 we use a maximum
of 20 iterations and for Algorithm 4.1 a maximum of (£ + 1) X 20 iterations. For
the sake of a fair comparison, the algorithms return the best obtained approxi-
mations and their iteration numbers.

For each test problem, the tables below list the relative error obtained with
Algorithm 4.1, abbreviated by E.q, and Algorithm 4.2, abbreviated by E,q. OD
and MD stand for one direction and multidirectional respectively. Also listed
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are the ratio pg of Epq to Eoq and the ratio pp,y, of the number of matrix-vector
products. That is,

Emd # MVs Algorithm 4.2
and ppy = - .
Eoq # MVs Algorithm 4.1

PE =

Only matrix-vector multiplications with A, A*, LL, and L' count towards the total
number of MVs used by each algorithm. We note, however, that multiplications
with L' and L™ are often less costly than multiplications with A and A*.

Table 4.1: One-parameter Tikhonov regularization results.

Noise 1% 5%
Problem | Eqq Emd PE Pmv | Eoq Emg PE Pmv
Baart 1.73-107! 1.11-100' 064 1.93 | 291-107! 271-107' 093 1.53

Deriv2-1 | 2.44-10"1 2.44-107' 1.00 1.00 | 3.32-107' 3.32-107! 1.00 0.78
Deriv2-2 | 2.35-107! 2.35.107! 1.00 0.83 | 3.22-107! 3.22-107! 1.00 0.78
Deriv2-3 | 4.35-1072 4.35-1072 1.00 0.92 | 7.97-1072 7.64-1072 0.96 1.17
Foxgood | 3.31-1072 3.30-1072 1.00 0.67 | 6.64-1072 6.63-1072 1.00 0.67
Gravity-1 | 3.85-1072 3.41-1072 0.88 1.08 | 7.39-1072 6.86-1072 0.93 1.11
Gravity-2 | 5.53-1072 5.26-1072 0.95 1.10 | 8.66-1072 8.39-1072 0.97 1.11
Gravity-3 | 1.03-10"% 9.21-1072 0.90 1.08 | 1.14-10"* 1.10-107' 0.97 1.11
Heat 9.26-1072 9.12-1072 0.99 1.05 | 2.02-10"! 1.91-107' 095 1.37
Phillips 2.50-1072 2.50-1072 1.00 1.00 | 4.52-1072 4.52-1072 1.00 1.00

Table 4.1 lists the results for one-parameter Tikhonov regularization, where
we used the following regularization operators. The first derivative operator L;
with stencil [1, —1] for Gravity-3, Heat-5, Heat, and Phillips. The second derivative
operator Ly with stencil [1, —2, 1] for Deriv2-1, Deriv2-2, Foxgood, Gravity-1, and
Gravity-2. The third derivative operator L3 with stencil [-1, 3, —3, 1] for Baart.
The fifth derivative operator Ls with stencil [-1, 5, —10, 10, —5, 1] and Deriv2-3.
The derivative operators Ly are of size (n — d) X n.

The table shows that multidirectional subspace expansion can obtain small im-
provements in the relative error at the cost of a small number of extra matrix-vector
products, especially for 1% noise. We stress that in these cases, Algorithm 4.1 is
allowed to perform additional MVs, but converges with a higher relative error. If
there is no improvement in the relative error, we see that multidirectional sub-
space expansion can improve convergence, for example, for the Deriv2 problems
as well as Foxgood.
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Table 4.2: Multiparameter Tikhonov regularization results.

Noise 1% 5%
Problem | Eoq Emd PE Pmv | Eoq Emd PE Py
Baart 1.72-107! 539.1072 0.31 2.60 | 2.84-10"1 2.59.107! 0.91 2.60

Deriv2-1 | 2.27-107! 582-1073 0.03 1.81 | 3.21-107' 291-1072 0.09 2.20
Deriv2-2 | 2.29-107! 2.03-107% 0.09 1.55 | 2.95-1071 4.91-1072 0.17 1.72
Deriv2-3 | 4.35-1072 4.32-1072 0.99 1.00 | 7.71-1072 7.71-1072 1.00 1.00
Foxgood | 3.29-1072 1.10-1072 0.34 1.35 | 6.26-1072 5.44-1072 0.87 1.35
Gravity-1 | 3.69-1072 1.83-1072 0.50 1.18 | 7.24-1072 4.52-1072 0.63 1.63
Gravity-2 | 5.52-1072 3.97-1072 0.72 2.04 | 8.52-1072 6.96-107% 0.82 2.26
Gravity-3 | 1.02-107! 9.24-1072 091 1.89 | 1.14-10"! 1.08-10"! 0.95 1.72
Heat 8.79-1072 8.77-1072 1.00 1.19 | 1.97-10"% 1.83-107' 0.93 1.40
Phillips 2.49-1072 2.47-1072 099 1.21 | 408-1072 4.01-1072 0.98 1.40

Table 4.2 lists the results for multiparameter Tikhonov regularization. We
have used the following regularization operators for each problem: the derivative
operator Lg as listed above, the identity operator I, and the orthogonal projection
I- NdN:;, where the columns of Ny are an orthonormal basis for the nullspace
N(Lqg).

Overall, we observe larger improvements in the relative error for multidirec-
tional subspace expansion, but also a larger number of MVs. We no longer see
cases where multidirectional subspace expansion terminates with fewer MVs. In
fact, the relative error is the same for Heat, although more MVs are required.
Finally, Figure 4.1 illustrates an example of the improved results which can be
obtained by using multidirectional subspace expansion.

In the next tests we attempt to reconstruct the original image from a blurred
and noisy observation. Consider an n X n grayscale image with pixel values in the
interval [0, 1]. Then x is a vector of length n? obtained by stacking the columns
of the image below each other. The matrix A represents a Gaussian blurring
operator, generated with blur from Regularization Tools. The matrix A is block-
Toeplitz with half-bandwidth band=11 and the amount of blurring is given by
the variance sigma=5. The entries of the noise vector e are independently drawn
from the standard normal distribution after which the vector is scaled such that
€ = E[||e|]] = 0.05]||b||. We take 1 such that ||e|| < ne in 99.9% of the cases, that
is,

3.090232

V2n2

(417) n=1+
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0

1 128 256 384 512 640 768 896 1024

Figure 4.1: baart test matrix with n = 1024 and 1% noise. The solid line is the exact
solution. The dashed line is the solution obtained with multiparameter regulariza-
tion and the residual subspace expansion (Algorithm 4.1). The dotted line is the
solution obtained with multiparameter regularization and multidirectional subspace
expansion (Algorithm 4.2).

For regularization we choose an approximation to the Perona-Malik [70] operator
L(x) = div(g(|Vx[*)Vx),
go) =" (p>0),

where p is a small positive constant. Because £ is a nonlinear operator, we first
perform a small number of iterations with a finite difference approximation L of
L(b). The resulting intermediate solution X is used for a new approximation Lg of
L(x). Finally, we run the algorithms a second time with Lz and more iterations; see
Reichel, Sgallari, and Ye [71] for more information regarding the implementation
of the Perona—Malik operator. As a measure of the reconstruction quality we use
the peak signal-to-noise ratio (PSNR) given by

201og, (nx* —xkn)’
n

where a higher value corresponds to a higher quality reconstruction.

We use the Chinese Lu symbol as a test image, see Figure 4.2; p = 0.1 and
p = 0.075 for the Perona—Malik operator, 25 iterations for the first run, and 500
iterations for the second run. The convergence history in Figure 4.3 shows that
p = 0.1 leads to faster convergence, while p = 0.075 leads to a higher PSNR.
We also observe that, depending on the regularization operator, multidirectional
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Figure 4.2: Deblurring results for lu. The original (left), observed (middle), and
reconstructed images (right).
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Figure 4.3: Convergence history for lu with p = 0.1 (left) and p = 0.075 (right).

Table 4.3: The number of iterations, matrix-vector products, and wall-clock time
required by Algorithms 4.1 and 4.2 for deblurring lu and reaching the highest PSNR
achieved by the less accurate algorithm. Results for p = 0.1 and the PSNR 20.90 in
the upper rows, and p = 0.075 and the PSNR 22.75 in the lower rows.

Method #Itn A A* L L* Total Time (s)

Alg 4.1 74 74 74 74 73 295 27
Alg 4.2 286 286 286 563 277 1689 312

Alg 4.1 500 500 500 500 499 1999 662
Alg 4.2 303 597 303 597 294 1791 360
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subspace expansion may allow the convergence to a more accurate solution. In
both cases, the algorithm with the most accurate solution obtains the best solution
of the other algorithm with fewer iterations. However, because multidirectional
subspace expansion requires extra matrix-vector products we need to be careful
when investigating the performance difference. A detailed breakdown of the
number of matrix-vector products used, as well as the wall-clock time, is shown
in Table 4.3. It can be seen that although there is only a small difference in
the number of total matrix-vector products used for p = 0.075, there is a large
improvement in wall-clock time. This improvement can be explained by the lower
orthogonalization cost for smaller subspaces, and the use of block operations
which can only be used in Algorithm 4.2. For reference, the runtimes were
obtained on an Intel Core i7-3770 and with MATLAB R2015b on 64-bit Linux
4.2.5.

4.7 Conclusion

We have presented a new method for large-scale Tikhonov regularization prob-
lems. In accordance with Algorithm 4.2, the method combines a new multidirec-
tional subspace expansion with optional truncation to produce a higher quality
search space. The multidirectional expansion generates a richer search space,
whereas the truncation ensures moderate growth. Numerical results illustrate
that our method can yield more accurate results or faster convergence. Further-
more, using block methods can partially offset the increased amount of work per
iteration of the multidirectional method. In addition, the total orthogonalization
cost may be lower when higher quality approximations are available in smaller
subspaces. We have also presented lower and upper bounds on the regularization
parameter when the discrepancy principle is applied to one-parameter regular-
ization. These lower and upper bounds can be used in particular to initiate the
bisection or the secant method. In addition, we have introduced a straightfor-
ward parameter choice for multiparameter regularization, as summarized by
Algorithm 4.3. The parameter selection satisfies the discrepancy principle, and is
based on easy to compute derivatives that are related to the perturbation results
of Section 4.5.



Chapter 5

Generalized Davidson and
multidirectional-type methods for the
generalized singular value decomposition

Abstract. We propose new iterative methods for computing nontrivial extremal generalized singular
values and vectors. The first method is a generalized Davidson-type algorithm and the second
method employs a multidirectional subspace expansion technique. Essential to the latter is a
fast truncation step designed to remove a low quality search direction and to ensure moderate
growth of the search space. Both methods rely on thick restarts and may be combined with two
different deflation approaches. We argue that the methods have monotonic and (asymptotic)
linear convergence, derive and discuss locally optimal expansion vectors, and explain why the fast
truncation step ideally removes search directions orthogonal to the desired generalized singular
vector. Furthermore, we identify the relation between our generalized Davidson-type algorithm
and the Jacobi-Davidson algorithm for the generalized singular value decomposition. Finally,
we generalize several known convergence results for the Hermitian eigenvalue problem to the
Hermitian positive definite generalized eigenvalue problem. Numerical experiments indicate that
both methods are competitive.

Key words. Generalized singular value decomposition, GSVD, generalized singular value, gen-
eralized singular vector, generalized Davidson, multidirectional subspace expansion, subspace
truncation, thick restart.

AMS subject classification. 15A18, 15A23, 15A29, 65F15, 65F22, 65F30, 65F50.

5.1 Introduction

The generalized singular value decomposition (GSVD) [66] is a generalization of
the standard singular value decomposition (SVD), and is used in, for example,
linear discriminant analysis [40], the method of particular solutions [8], general
form Tikhonov regularization [28, Sec. 5.1], and more [1]. Computing the full
GSVD with direct methods can be prohibitively time-consuming for large problem
sizes; however, for many applications is suffices to compute only a few of the
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86 5. Generalized Davidson and multidirectional methods for the GSVD

largest or smallest generalized singular values and vectors. As a result, iterative
methods may become attractive when the matrices involved are large and sparse.

An early iterative approach based on a modified Lanczos method was intro-
duced by Zha [95], and later a variation by Kilmer, Hansen, and Espafiol [47].
Both methods are inner-outer methods that require the solution to a least squares
problem in each iteration, which may be computationally expensive. An approach
that naturally allows for inexact solutions is the Jacobi-Davidson-type method
(JDGSVD) introduced in [32]; however, this is still an inner-outer method. Alter-
natives to the previously mentioned methods include iterative methods designed
for (symmetric positive definite) generalized eigenvalue problems, in particular
generalized Davidson [48, 61] and LOBPCG [49]. These methods compute only
the right generalized singular vectors and require additional steps to determine
the left generalized singular vectors. More importantly, applying these methods
involves squaring potentially ill-conditioned matrices.

In this chapter we discuss two new and competitive iterative methods for
the computation of extremal generalized singular values and corresponding
generalized singular vectors. The first can be seen as a generalized Davidson-
type algorithm for the GSVD, while the second method builds upon the first, but
uses multidirectional subspace expansion alongside a fast subspace truncation.
The multidirectional subspace expansion is intended to produce improved search
directions, whereas the subspace truncation is designed to remove low-quality
search directions that are ideally orthogonal to the desired generalized singular
vector. Both methods can be used to compute either the smallest or the largest
generalized singular values of a matrix pair, or to approximate the truncated
GSVD (TGSVD). A crucial part of both methods is a thick restart that allows for
the removal of unwanted elements.

The remainder of this chapter is organized as follows. We derive a generalized
Davidson-type algorithm for the GSVD in the next section, and prove multiple
related theoretical properties. We subsequently discuss a B* B-orthonormal version
of the algorithm and its connection to JDGSVD in Section 5.3. In Section 5.4,
we examine locally optimal search directions and argue for a multidirectional
subspace expansion followed by a fast subspace truncation; then we present
our second algorithm. In Section 5.5, we explore the deflation of generalized
singular values and generalized singular vectors. We generalize several known
error bounds for the Hermitian eigenvalue problem to results for the generalized
singular value decomposition in Section 5.6. Finally, we consider numerical
examples and experiments in Section 5.7, and end with conclusions in Section 5.8.
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5.2 Generalized Davidson for the GSVD

Triangular and diagonal are two closely related forms of the GSVD. The triangular
form is practical for the derivation and implementation of our methods, while the
diagonal form is particularly relevant for the analysis. We adopt the definitions
from Bai [1], but with a slightly more compact presentation. Let A be an m X n
matrix, B a pXn matrix, and assume for the sake of simplicity that A (A)NN(B) =
{0}; then rank([AT BT]") = n and there exist unitary matrices U, V, W, an m X n
matrix £4, a p X n matrix g, and a nonsingular upper-triangular n X n matrix R
such that

(5.1) AW =UZ4R and BW =VZgR.
The matrices X4 and Xp satisfy

1%, = diag(c], ..., c2), Y13p = diag(s?, . .., s2), YT A+IlEp =1,
and can be partitioned as

] L (n-p) (n—m)+_

[ Dy 0 0
(n-p+ | O I 0 ,
(m-n)y | O 0 0

Il (n-p)s (n—m),
l Dy 0 0 |
(n-m)y | O 0 I )
(p-n)+ | O 0 0

where [ = min{m, p, n, m+p—n}, (-); = max{-, 0}, and D, and Dp are diagonal
matrices with nonnegative entries. The generalized singular pairs (c;, s;) are
nonnegative and define the regular generalized singular values o = 0 if s; = 0
and o; = c;/s; otherwise. Hence, we call a generalized singular pair (c;, s;) large
if o; is large and small if o; is small, and additionally refer to the largest and
smallest 0 as 0'max and O min, respectively. The diagonal counterpart of (5.1) is

(5.2) AX =UX, and BX =VXp with X =WR™},

and is useful because the columns of X are the (right) singular vectors x; and
satisfy, for instance,

(5.3) s7A"Axj = ¢B"Bx;.
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The assumption N'(A) N N (B) = {0} is not necessary for the implementation of
our algorithm; nevertheless, we will make this assumption for the remainder of
the chapter to simplify our discussion and analysis. We may also assume without
loss of generality that the desired generalized singular values are contained in
the leading principal submatrices of the factors. Consequently, if k < [ and Cy, Sk,
and Ry denote the leading k X k principal submatrices of £4, X5, and R; and Uy,
Vi, Wi, and X; denote the first k columns of U, V, W, and X; then X; = WkRE1
and we can define the partial (or truncated) GSVD of (A, B) as

AWy = UCxRx and BWj = ViSkRx.

We aim is to approximate this partial GSVD for a k < n.
Since (5.3) can be interpreted as a generalized eigenvalue problem, it appears
reasonable to consider the search space

Wi = span{X(o), (E?O)A*A - E'(ZO) B*B)X(0),
(()AA =S4 BB)XQ), - > () AA = Ty B B)X (-1},

consisting of homogeneous residuals generated by the generalized Davidson
method (c.f., e.g., [61, Sec. 11.2.4] and [48, Sec. 11.3.6]) applied to the matrix
pencil (A"A, B*B). The quantities X(;), ¢(j), and s(j) are approximations to x1, cy,
and s, with respect to the search space ;. The challenge is to compute a basis
W with orthonormal columns for W, without using the products A*A and B*B;
however, let us focus on the extraction phase first. We will later see that a natural
subspace expansion follows as a consequence.
Given Wy, we can compute the reduced QR decompositions

(5.4) AW, = UrHy, BW; = Vi K,

where Uy and Vi have k orthonormal columns and Hy and K are k X k and
upper-triangular. To compute the approximate generalized singular values, let
the triangular form GSVD of (Hy, Kx) be given by

HW =UCR, KW = VSR,
where U, V, and W are orthonormal, C and S are diagonal, and R is upper
triangular. At this point, we can readily form the approximate partial GSVD

(5.5) AWiW) = (UU)CR,  B(WiW) = (ViV)SR,

and determine the leading approximate generalized singular values and vectors.
When the dimension of the search space W grows large, a thick restart can be
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performed by partitioning the decompositions in (5.5) as

~ — ~ —11G Rii Ry
A\WW, WiWy| = |[UUr Ui, ~ ~ >
Co Roo
(5.6) _ — -
_ _ — ~11% Ri1 R
B Wk Wl Wk W2 = Vk V1 VkV2 ~ -~ >
S2 Roo

and truncating to
AW W1) = (UxU1)C1 Ry, B(WW1) = (VkV1)S1R1.

If there is need to reorder the c¢; and s;, then we can simply use the appropriate
permutation matrix P and compute

AWxWQ) = (UUP)(P*CP)(P*RQ),
B(WiWQ) = (ViVP)(P*SP)(P*RQ),

where Q is unitary and such that P*RQ is upper triangular.
For a subsequent generalized Davidson-type expansion of the search space,
let

i = Uil ey, U1 = ViVrey, ), = WiWie;, and X =y /r
be the approximate generalized singular vectors satisfying

Ax; =cu; and Bx; =s101.
Then the homogeneous residual given by
(5.7) r = (33A'A—CIB*B)x; = ¢151(51A4"0; — ¢1B*y)

suggests the expansion vector ¥ = s1A*u; — ¢1B*v;, which is orthogonal to Wy.
The residual norm ||r|| goes to zero as the generalized singular value and vector
approximations converge, and we recommend terminating the iterations when
the right-hand side of

Il < Vo [ral Il

(5.8) — <
GHAAl + B BIDIx — s3lAAlL + BBl

is sufficiently small. The left-hand side is the normwise backward error by Tisseur
[88], and the right-hand side is an alternative that can be approximated efficiently;
for example, using the normest1 function in MATLAB, which does not require
computing the matrix products A*A and B*B explicitly. The GDGSVD algorithm
is summarized in Algorithm 5.1.
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Algorithm 5.1 (Generalized Davidson for the GSVD (GDGSVD)).
Input: Matrix pair (A, B), starting vector wo, minimum and maximum dimensions
j<t.
Output: AW; = U;C;R; and BW; = V;S;R; approximating a partial GSVD.
1. Let7 = wy.

2. for number of restarts and not converged (cf., e.g., (5.8)) do
3. fork=1,2,...,¢do
4. wi =7/[7]l.
5. Update AW, = UxHy and BW = Vi K.
6. Compute Hy = UCRW* and Ky = VSRW*.
7. LetT = S]A*al — ClB*‘l.;l.
8. if j < k and converged (cf, e.g., (5.8)) then break
9. end
10. Partition 17, ?, VT/, 5, S, and R according to (5.6).
11. Let U = UpUy, V; = Vi1, and W; = WyW.
12. Let Hj = 51§11 and Kj = §1§11.
13. end

By design, the largest (or smallest) Ritz values are preserved after the restart;
moreover, the generalized singular values increase (or decrease) monotonically
per iteration as indicated by the proposition below. We wish to emphasize that
the proof of the proposition does not require B*B to be nonsingular, as opposed to
the Courant-Fischer minimax principles for the generalized eigenvalue problem.

Proposition 5.1. Let W and W41 be subspaces of dimensions k and k + 1, respec-
tively, and such that Wy C Wis1. If 0 max(W) and o pin(W) denote the maximum
and minimum generalized singular values of A and B with respect to the subspace
W, then

O max = O-max(Wk+1) 2 O-rnax(Wk) 2 O-rnin(Wk) 2 O-rnin(Wk+1) 2 Omin-
Proof. Both A*A and B*B may be singular; therefore, we consider the pencil
(AA, A"A+ B*B) = (A"A, X *X 1)

with generalized eigenvalues cl.2 and note that 0'1.2 = cl.2 /(1 —ciz) with the convention
that 1/0 = co. Applying the Courant-Fischer minimax principles yields

| Aw|| | Aw||
Cc1 = _— > 7
0#w €Wk ||X‘1w|| 0+weW; ||X_1W||
lAw]l : | Aw||
~orwew || X~ 1w|| T orwewn, | X w| T "
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Proposition 5.1 implies that if a basis Wy for a subspace W is computed by
Algorithm 5.1, then

(W) = max lAwl]|  _ N [AWkell  _ X |Heell
max orwew || X~twl|  er0 |[AT BT["Wie||  e#0 ||[HT KI17c]||’

that is, the largest generalized singular value of the matrix pair (A, B) with respect
to the subspace W is the largest generalized singular value of (Hy, Kx). A similar
statement holds for the smallest generalized singular value. Furthermore, the
matrix pair (Hy, Ki) is optimal in the sense of the following proposition.

Proposition 5.2. Let the M-Frobenius norm for a Hermitian positive definite matrix
M be defined as ||Y||%,, = trace(Y*MY). Now consider the decompositions from
(5.4) and define the residuals

Ry(G) = BW — ViG,

R5(G) = A*Ux — BV, G*,

R4(G) = BV — A"UrG™;
then the following results hold.

1. G = Hy = U;AWy minimizes ||R1(G)||2 and is the unique minimizer of
IR1(H)|F.

2. G = Ky = V/BWy minimizes ||R2(G)l||l2 and is the unique minimizer of
[ R2(Ki)|lF-

3. If B*B is nonsingular, then G = HkK]:1 minimizes ||R3(G)l|(g-p)-1 and is the
unique minimizer of Rz with respect to the (B* B)™!-Frobenius norm.

4. If A"A is nonsingular, then G = KiH, ! minimizes IR4(G)ll(a*a)1 and is the
unique minimizer of R4 with respect to the (A*A)~'-Frobenius norm.

Proof. With the observation that A*Uy = A"AW,H, ' and B*Vy = B*BW;K, !, the
proof becomes a straightforward adaptation of [32, Thm 2.1]. O

Propositions 5.1 and 5.2 demonstrate that the convergence behavior of Al-
gorithm 5.1 is monotonic, and that the computed Hy and Kj are in some sense
optimal for the search space Wi = span(Wy); however, the propositions make
no statement regarding the quality of the subspace expansion. A locally optimal
residual-type subspace expansion can be derived with inspiration from Ye [94].
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Proposition 5.3. Define

Ry = A"AWi(H; Hy + K;Ki) ' K; Ky — B* BWi(Hy Hi + K;Kx) " Hy Hi
and let r = Ryc; then

cos?(xq, [Wi r]) = cos?(x1, Wi) + cos®(x1, 1)
is maximized for ¢ = R} x.

Proof. Since N'(A) N N(B) = {0} we also have NV (Hi) N N(Kx) = {0}, which
implies that H; Hy + K; Ky is invertible and Ry is well-defined. Furthermore, it is
now straightforward to verify that

W, Rk = H{ Hx(H;Hy + K;Ki) ' K; Ky — K{Ki(HyHy + K{Kx) 'H;Hx = 0
using the GSVD of Hy and K. It follows that

I[Wi el |I? = Wi ||? + [r*x |,
which realizes its maximum for ¢ = R;xl. O

Different choices for Ry in Proposition 5.3 are possible; however, the current
choice does not require additional assumptions on, for instance, Hy and K.
Regardless of the choice of Ry, computing the optimal expansion vector is generally
impossible without a priori knowledge of the desired generalized singular vector
x1. Therefore, we expand the search space with a residual-type vector similar
to generalized Davidson. The convergence of generalized Davidson is closely
connected to steepest descent and has been studied extensively; see, for example,
Ovtchinnikov [64, 65] and references therein. For completeness, we add the
following asymptotic bound for the GSVD.

Proposition 5.4. Let (cy, s1) be the smallest generalized singular pair of (A, B)
with corresponding generalized singular vector x1, and assume the pair is simple.
Define the Hermitian positive definite operator M = S%A*A - C%B*B restricted to the
domain perpendicular to (A*A + B*B)x; = X *ej, and let the eigenvalues of M be
given by

A2 A2+ 2 A1 > 0.

Furthermore, let X1, ¢; = ||AX1||, and s; = ||Bx1|| approximate x1, ¢, and sy,
respectively, and be such that E% + 3% = 1. If x1 = &xp + f for some scalar € and
vector f L X *eq; then

2
sin®([X7 r], x1) < (K;l) sin®(X1, x1) + O(|F1I°),
kK+1
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where k = A1/ Ay is the condition number of M, and r = (’s’%A*A - E’%B*B)?c’l is
the homogeneous residual.
Proof. We have

2 =X AAX) = 22 + ||Af|I? and 5% = X[B*Bx; = £%5% + || Bf ||
and it follows that

r = E(sJA'A-iB*B)f +(||BfIIPA"A- ||AfII>B*B)(éx1 + f) = EMF +O(|If11%)

and

r'x; = Ef*(s2AA — ¢iB*B)f = Ef*MS.
Hence, X7 = x; if ||[r]| = O for X7 sufficiently close to x; and we are done.
Otherwise, r is nonzero and perpendicular to X1, so that

cos?(r, x1)

sin?([X7 r], x1) = 1—cos?(x3, x1)—cos’(r, x1) = (1 - ) sin?(X1, x1).

sin®(X1, x1)

Combining the above expressions, and using the fact that nontrivial orthogonal
projectors have unit norm, yields

cos’(r, x1) _ [rx 2 \fMfI®
s =~ - 2 v iieve) 2 = 2 2 + O(”f“)
sin®(ey, 1) (IFIPIA = xax)all? — (IMFIPIF

Using the Kantorovich inequality (cf., e.g., [26, p. 68]) we obtain

4151

GRS e

) sin?(x1, x1) + O(||f]| sin(%7, x1))

2
_ (Z + 1) sin(X1, x1) + O([|f sin*(X1, x1)).

Finally, ¢ + 52 = 1 implies ||X1]| > omin(X), so that
sin(Xy, x) < 0 X) IF11 = OUIFID-
O

The condition number «k from Proposition 5.4 may be large in practice, in
which case the quantity (k — 1)/(k + 1) is close to 1. However, this upper bound
may be rather pessimistic and we will see considerably faster convergence during
the numerical tests in Section 5.7.
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5.3 B*B-orthonormal GDGSVD

In the previous section we have derived the GDGSVD algorithm for an orthonormal
basis of Wj. An alternative is to construct a B* B-orthonormal basis of Wj, which
allows us to use the SVD instead of the slower GSVD for the projected problem, as
well as reduce the amount of work necessary for a restart. Another benefit is that
the B*B-orthonormality reveals the connection between GDGSVD and JDGSVD,
a Jacobi-Davidson-type algorithm for the GSVD [32].

The derivation of B*B-orthonormal GDGSVD is similar to the derivation of
Algorithm 5.1. Suppose that B*B is nonsingular, let Wi be a basis of W satisfying
WZ‘B*BW;{ = I, and compute the QR-decomposition

(5.9) AWk = ﬁkﬁk,

where U has orthonormal columns and Hy is upper-triangular. Note that (5.9)
can be obtained from the QR-decompositions in (5.4) by setting W = WiK; ?,

ﬁk = Uy, and ﬁk = HkK]zl. If ﬁk = USW* is the SVD of ﬁk; then
AW W) = (UD)E,

which can be partitioned as

(5.10) A W;J/T/l WkWZ] = [ﬁkﬁl ﬁkﬁz]

2
)Y

and truncated to AW, W; = UU,21. With Ty = UiUe; and i; = Wi We; we get
the residual

r = (A"A - 0?B*B)i; = o1(Atl; — 01 B*Bivy)

and the expansion vector ¥ = Au; — 0-1B*Biw;. The expansion vector 7 is or-
thogonal to Wi in exact arithmetic, but should in practice still be orthogonalized
with respect to Wi prior to B*B-orthogonalization in order to improve numerical
stability and accuracy [30, Sec. 3.5]. Finally, in the B*B-orthonormal case the
suggested stopping condition (5.8) becomes

I < V|||

(511) * 2 % - - % 2 % _ -
([AA|l + o7[[B*BlDllwr |l (A"l + o1 ||B*Bl[1) |l ||

for some tolerance 7. The algorithm is summarized below in Algorithm 5.2, where
Vi = BW} has orthonormal columns.
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Algorithm 5.2 (B*B-orthonormal GDGSVD).
Input: Matrix pair (A, B), starting vector wo, minimum and maximum dimensions
j<t.
Output: Orthonormal ﬁj, B*B-orthonormal VT/J-, and diagonal X; satisfying AV'V]- =
Us;.
1. LetWy =V, =[] and 7 = wp.
2. for number of restarts and not converged (cf., e.g., (5.11)) do
3 fork:1,2,...,fdoA R N
4. Wy, = (I = Wi a(Wy_ Wie1)T'W,_ T
5. Compute U = Bivg.
6 B*B-orthogonalize: wy = wy — Wk—lv:_li’\k
7 T = (I - ViaVy, Bk
8. Wi = wi/ |[oel and 7 Uk = O/ [kl
9. Update the QR- decomposmon AW;< = Uka

10. Compute the SVD Hy = USW*.

11. T= A*ﬁkﬁl - o-lB*\7kz'u'1.

12. if j < k and converged (cf, e.g., (5.11)) then break
13. end

14. Partltlon U 2, and W accordmgr to (5 10)

15. Let U; = UpUs, Vj = ViWy, and W; = Wi W

16. Let H 2.

17. end

The product B*B may be arbitrarily close to singularity, and a severely ill-
conditioned B*B may prove to be problematic despite the additional orthogo-
nalization step in Algorithm 5.2. Therefore, we would generally advise against
using Algorithm 5.2, and recommend using Algorithm 5.1 and orthonormal bases
instead. However, B*B-orthonormal GDGSVD relates nicely to JDGSVD on a the-
oretical level, regardless of the potential practical issues. In JDGSVD the search
spaces ﬁk and Wk are repeatedly updated with the vectors s L u; and t L w1,
which are obtained by solving correction equations. Picking the updates

s=(I-wmu)Ar and t=r,

instead of solving the correction equations gives JDGSVD the same subspace
expansions as B*B-orthogonal GDGSVD. Furthermore, standard extraction in
JDGSVD is performed by computing the SVD of ﬁ;AVVk, which is identical to the
extraction in B* B-orthonormal GDGSVD. For harmonic Ritz extraction, JDGSVD
uses the harmonic Ritz vectors ﬁkc and Wkd, where ¢ and d solve

W{AAWid = ?W;B*BWid and c¢ = o(W;A*Ux) ' W; B*BWid.
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The above simplifies to
W2*W*d = o®d and c = ocUX 'W*d,

for B*B-orthonormal GDGSVD and produces the same primitive Ritz vectors as
the standard extraction. To summarize, JDGSVD coincides with B* B-orthonormal
GDGSVD for specific expansion vectors, and there is no difference between stan-
dard and harmonic extraction in B* B-orthonormal GDGSVD. The difference in
practice between the two methods is primarily caused by the different expan-
sion phases, where GDGSVD uses residual-type vectors and JDGSVD normally
solves correction equations. In the next section we will discuss how the subspace
expansion for GDGSVD may be further improved.

5.4 Multidirectional subspace expansion

While the residual vector r from (5.7) is a practical choice for the subspace
expansion, it is not necessarily optimal. In fact, neither is the vector given by
Proposition 5.3, which is only the optimal “residual-type” expansion vector. In
their most general form, the desired expansion vectors are

(5.12)
a-b, where a=(I-WW,)AAWicy and b = (I-WW,)B"BWidy,

for some “optimal” choice of ¢, and d,. The following proposition characterizes
cx and d.

Proposition 5.5. Let Ry and r be defined as in Proposition 5.3, and assume that
Ry has full column rank. If RZA"‘AW;< and RZB*BW;< are nonsingular and if s = Sid
with

Sk = (A"AWy. — Wi H; Hi)(RLA"AWK) ™' — (B*BWjy — WiK; K )(R;B*BWi) ™5
then
cos?(x1, [Wi r s]) = cos®(x1, Wi) + cos?(xq, 1) + cos®(x1, §)

is maximized for ¢ = R;(“xl and d = Sl‘:xl. Moreover, for any ¢, d, and scalar t, the
linear combination Ric + tSid can be written in the form of (5.12). The mapping
from ¢ and d to ¢« and dy4 is one-to-one if t # O.

Proof. For the first part of the proof, use that W, 'Ry = W, Sk = R;.Sx = 0. For the
second part, define the shorthand M = HZHk + KZKk and recall that

Ry = A'AW M 'K Ky — B*BW, M ' H} Hi.



5.4. Multidirectional subspace expansion 97

Hence, for any c, d and scalar t we have

Ric + tSd = (I — WiW})Rie + t(I — WW;)Sid
= (I - WiW)A'AWi (MK Kie + t(RAAW,)'d)
— (I - WiW;)B*BWi (M~ H; Hyc + t(R; B*BWy)~'d)

=a-b>b,

where a and b are defined as in (5.12) for the ¢4 and d satisfying

e |

Finally, the matrix above is invertible if
RAAW M 'H{Hy I

t
RiB*BW,M 'K;Ki I

M™'H{H t(RRAAW)™!
M7'KiKi  t(R{B*BW;)~!

RA*AW,) L
t det (R k)

”

(R;B*Bwk)—ll ‘

where the first determinant is nonzero because its subblocks are invertible, and
the second determinant equals

det(RA"AW, M~ H; Hy — Ry B* BWxM ' K;Ky) = det(R{Ry) # 0
since Ry has full column rank. O

Let r and s be two nonzero orthogonal vectors; then the locally optimal search
direction in S = span{r, s} is the projection of the desired generalized singular
vector x; onto S, and is given by

s*xq

s*s

rx;
(5.13) —T+
r

S.

The remaining orthogonal direction in S is
(5.14) (xis)r — (xjr)s,

which is perpendicular to x;. It is usually impossible to compute the vectors from
Proposition 5.5 and the linear combination in (5.13) without a priori knowledge
of x1. Therefore, the idea is to pick r and s or a and b based on a different criterion,
expand the search space with both vectors, and to rely on the extraction process
to determine a good new search direction. If successful, then (5.14) suggests
that there is at least one direction in the enlarged search space that is (nearly)
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perpendicular to x;. This direction may be removed to avoid excessive growth of
the search space.

For example, we could use the approximate generalized singular pair and
corresponding vectors from Section 5.2 and choose the vectors

a =35(I - WiW;)A"Ax; and b =c:(I — WiW;)B*Bx;
for expansion, and set
r=a-b and s=(r"b)a- (r"a)b,

since the residual norm ||r|| is required anyway. Moreover, this choice ensures
at least the same improvement per iteration as the residual expansion from
generalized Davidson. After the expansion and extraction, a low-quality search
direction may be removed. Below we describe the process in more detail.

In Section 5.2 we have seen that A*AX; = ¢1A*u; and B*Bx; = 51B*11; hence,
suppose that Wy, is obtained by extending Wj with the A*u; and B*v; after
orthonormalization. Then we can compute the reduced QR-decompositions

(5.15) AWiyo = Upy2Hry2 and  BWiya = VigaKiio,

and the triangular-form GSVD

~ _ ~ _ 5k+1 §k+1 ‘Fk+1 k+2

Hiyo [Wk+1 wk+2] = [Uk+1 uk+2] —~ —~ s
Ck+2 Tk+2,k+2
~ _~ ~ _~ §k+1 §k+1 7:k+1 k+2

Kiia [Wk+1 wk+2] = [Vk+1 Uk+2] —~ —~ s
Sk+2 Tk+2,k+2

where we may assume without loss of generality that (Cr42, Sk+2) is the general-
ized singular pair furthest from the desired pair. By combining the partitioned
decompositions above with (5.15), we see that the objective becomes the removal
of span{Wy.oWyo } from the search space. One way to truncate this unwanted
direction from the search space, is to perform a restart conform Section 5.2 and
compute

(5.16)
Uk+zﬁk+1, Vk+zvk+1, Wk+2Wk+1, 5k+1ﬁk+1, and §k+1ﬁk+1

explicitly. However, with O(nk?) floating-point operations per iteration, the com-
putational cost of this approach is too high. The key to a faster method is to
realize that we only need to be able to truncate

Uk+2Uky2, Vit 2Uk+2, Wiy oWy 2, Ck+2, and  Spio,
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but do not require the matrices in (5.16). To this end, let P, Q, and Z be House-
holder reflections of the form

p=1-2P2  q-1-21L a4 z=-1-2%%,
with p, q, and z such that
Pejio = Ups2, Qex+2 = Uks2, and Zekro = Wi

Applying the Householder matrices yields
(5.17) A(Wi42Z) = (Ug42P)(P*Hi12Z) and  B(Wiy2Z) = (Vir2Q)(Q Ki42Z),

which can be computed in O(nk) through rank-1 updates. It is straightforward to
verify that the bottom rows of P*Hy.2Z and Q"Kj42Z are multiples of e, €.g.,

€. 2P Hi2Z = Uy (UCRW™)Z = Ciyolks k+2Wy 9Z = Ckt2Tk+2,k+2€)4n-
As a result, (5.17) can be partitioned as

~ ~ Hi11 X
A|Wis1 WipoWiiz| = [Uks1  Ukpalgs2

’

Cr+2Tk+2,k+2

Ki+1 X ]

Cik+2Tk+2, k+2

B [Wk+1 Wk+zwk+2] = [Vk+1 Vk+2ﬁ<+2]

defining Ug+1, Vk+1, Wi+1, Hik+1, and Kg41. This partitioning can be truncated to
obtain

(5.18) AWiy1 = Ugy1Hry1 and  BWiy1 = Vig1Kie1,

where Ugy1, Vi+1, and Wi,1 have orthonormal columns, but Hy,; and Kj are not
necessarily upper-triangular. The algorithm is summarized below in Algorithm 5.3.

Algorithm 5.3 (Multidirectional GSVD (MDGSVD)).
Input: Matrix pair (A, B), starting vectors w; and w,, minimum and maximum
dimensions j < £.
Output: AW; = U;C;R; and BW; = V;S;R; approximating a partial GSVD.
1. Set Wy =[].
2. for number of restarts and not converged (cf,, e.g., (5.8)) do
3. fork=0,1,...,{—2do
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4. Let wiy1 = (I — WiW) ) Wiy, and Wi = Wi/ |[wis |-
5. Let Wiya = (I = Wit W, JWiey2 and wiyo = Wiyo/ ||[wis2 .
6. Update the QR-decompositions
AWyyo = Uky2Hy2 and BWk+2 = Vk+2Kk+2
7. Compute the GSVD Hyo = UCRW* and Ki,» = VSRW*.
8. Let P, Q, and Z be Householder reflections such that
Pejio = Uiy, Qeksa = Uy, and Zepyp = Ziso.
9. Let Ug+2 = Uk+2P, Visa = Vi2Q, Wiio = WiyaZ,
Hiy2 = P*Hiy2Z, and Kiya = Q*KjyoZ.
10. Wi+o = AU and wyy3 = B0y
11. if j < k and converged (cf, e.g., (5.8)) then break
12. end
13. Partition U V W C S and R accordlng to (5.6).
14. Let Uj = UUy, V; = ViV, and W) = Wi Wy,
15. Let H = C1R11 and K = S]RH
16. end

Algorithm 5.3 is a simplified description for the sake of clarity. For instance,
the expansion vectors may be linearly dependent in practice, and it may be
desirable to expand a search space of dimension ¢ — 1 with only the residual
instead of two vectors. Another missing feature that might be required in practice
is deflation, which is the topic of the next section.

5.5 Deflation and the truncated GSVD

Deflation is used in eigenvalue computations to prevent iterative methods from
recomputing known eigenpairs. Since Algorithm 5.1 and Algorithm 5.3 compute
generalized singular values and vectors one at a time, deflation may be necessary
for applications where more than one generalized singular pair is required. The
truncated GSVD is an example of such an application. There are at least two
ways in which generalized singular values and vectors can be deflated, namely
by transformation and by restriction. These two approaches have been inspired
by their counterparts for the symmetric eigenvalue problem (cf., e.g., Parlett [68,
Ch. 5]). We only describe the two approaches for m, p > n to avoid clutter, but
note that they can be adapted to the general case.

The restriction approach is related to the truncation described in the previous
section and may be used to deflate a single generalized singular pair at a time.
Suppose we wish to deflate the simple pair (c1, s1) and let the GSVD of (A, B) be
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partitioned as

c ri1 ri w;

afw || ][]
C2 Roa | |W,
s r re wy

s o w|[* || ][],
So Roa | | W,

where C, and S, may be rectangular. Then, with Householder reflections P, Q,
and Z, satisfying

Pu; = ey, Quy =e;, and Zw; = ey,

it holds that

ciriny X sirin X
PAZ = —~
A

and QBZ = -

b

defining A and B. At this point, the generalized singular pairs of (A, B) are the
generalized singular pairs of (A, B) other than (c;, s1). Additional generalized
singular pairs can be deflated inductively.

An alternative that allows for the deflation of multiple generalized singular
pairs simultaneously is the restriction approach. To derive this approach, let the
GSVD of (A, B) be partitioned as

A [U1 Uz] Cy Ri1 Ri2 Wl: ,
C2 Roa | |W,
(5.19)
B - [V1 Vz] S1 Ri1 Rio Wi ’
So Roa | | W,

where C; and S; are square and must be deflated, while C; and Sy may be
rectangular and must be retained. Therefore, the desired generalized singular

pairs are deflated by working with the operators
(5.20) A = UyCoRpoWj = UsUs AWoWs = (I — UyUDA(I — WiW)),
' E = VzSszzW;< = VzVSBsz* = (I - V1V1*)B(I - W1Wik),

restricted to W, = span{W,}. An important benefit of this approach is that the
restriction may be performed implicitly during the iterations. For example, if
(5.6) is such that

Ui =Uy, Vi =Vy, WiWp =Wy, C;=C;, S=8;, and Ry =Ry
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then
ZWsz = Ukﬁzgzﬁz2 and EWkWZ = Vszgzﬁzz,

where the right-hand sides are available without explicitly working with A and
B. In addition, if we define the approximations for the next generalized singular
pair and corresponding vectors as

* =~ *a * 5
a = e]Cqey, B = e;Sze, p = ejRase,
v = ViVsey, w = WiWaey,

U = UrUsey,
cf. Section 5.2, and
Eifﬁlzel

€

X =p 'WiW = p ' (WiWiR 1 R12e1 + W);

then the residual
r=p Y(B*A*A — &*B*B)iv = a B(BA'T — aB'D)
= a B(BA'U — aB*D) = (B2A'A — @’B*B)X

and expansion vector(s) can also be computed without A and B.

It may be instructive to point out that the restriction approach for deflation
corresponds to a splitting method for general form Tikhonov regularization
described in [34] and references. This method separates the penalized part
of the solution from the unpenalized part associated with the nullspace of the
regularization operator, essentially deflating specific generalized singular values
and vectors. Consider, for instance, the minimization problem

argmin [|Ax — b||* + | Bx||*
X

for some u > 0. Assume for the sake of simplicity that p > n, adding zero rows
to B if necessary, and suppose that Wj is a basis for the nullspace of B; then we
obtain

(5.21)
|Ax — b||* + u||Bx||* = ||[U U AW Wi x — (U Usb — U UL AW, Wax) ||*
+ ||UaUs AW, Wi x — UsUsb||* + u||VaVy BWo W x||?
by following the splitting approach and using that UyU;AW; W x = 0. Further-

more, with y; = Wix and y, = W;x, the first part of the right-hand side of (5.21)
reduces to

(U AW )y1 — (Uib — Uj AWayo)|I* = [IR11y1 — Us (b — AWay»)||1%,
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*

which vanishes for y; = Rfll Uj(b — AW,y»). The remaining part may be written
as

| AWqy, — UzUZb”2 + M||§W2}’2||2,

where we recognize the deflated matrices from (5.20). A similar expression can be
derived for deflation through restriction, but does not provide additional insight.

5.6 Error analysis

In this section we are concerned with the quality of the computed approximations,
and develop Rayleigh-Ritz theory that is useful for the GSVD. In particular, we
will generalize several known results for the n X n standard Hermitian eigenvalue
problem to the Hermitian positive definite generalized eigenvalue problem

(5.22) Nx = AMx, M > 0, M =12

with eigenvalues 11 > A, > -+ > A,. This generalized problem is applicable
in our context with N = A*A and M = X *X~! if we are interested in the
largest generalized singular values, or with N = B*Band M = X~ *X~! if we are
interested in the smallest generalized singular values; and corresponds to the
standard problem

(5.23) L'NL 'y =1y, y=ILx,

with the same eigenvalues. Hence, if the subspace W is a search space for (5.22),
then it is natural to consider Z = LW as a search space for (5.23) and to
associate every approximate generalized eigenvector w € VY with an approximate
eigenvector 2 = Lw € Z. The corresponding Rayleigh quotients satisfy

w'Nw 2*L7!NL 'z

(5.24) 6 = =
w*Mw 2z

and define the approximate eigenvalue 6.

Key to extending results for the generalized problem (5.23) to results for the
standard problem (5.22), is to introduce generalized sines, cosines, and tangents,
with respect to the M-norm defined by ||x||§,[ = x*Mx = ||Lx||%. Generalizations
of these trigonometric functions have previously been considered by Berns—
Miiller and Spence [6], and the generalized tangent can also be found in [68,
Thm. 15.9.3]; however, we believe the treatment and results presented here to
be new. The regular sine for two nonzero vectors y and 2z can be defined as

-2l o=l
Iyl [E2/—

sin(z, y) =
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where it is easily verified that the above two expressions are equal indeed. Sub-
stituting Lx for y and Lw for z yields the M-sine defined by

I- wiU*M I— xx*M
SinM(w, x) = Sin(Lw, Lx) — ”( w Mw)x”M _ ”( x*Mx)w”M
[EN[% lwllm

Again, it may be checked that the above two expressions are equal. The regular
cosine is given by

cos(z, y) = if;y” _ |%Z” _ |2*y| ’
Iyl =l =l lyll

and with the same substitution we find the M-cosine

xx*M

TR x*wa”M _ |W*Mx|

w*wa”M — | —
[EN[% llwllm llwlla ||l

cosy(w, x) = cos(Lw, Lx) = ”

The M-tangent is now naturally defined as tany(w, x) = siny(w, x)/cosy(w, x).
We can derive the M-sines, M-cosines, and M-tangents between subspaces and
vectors with a similar approach. For instance, let W and LW denote bases for W
and Z, respectively; then

I(r- ) z(z°2) z*y
\z(z*z)*z*y||

1z(z*z) " Z"y ||
Iyl

sin(Z, y) = and cos(Z,y) =

b

so that

2 252 wowssaw) - x]
[[W(W*MW)~1W*Mx ||y
([W(W*MW)™TW*Mx ||

[l

sinyy(W, x) = sin(LW, Lx) =

b

cosyy (W, x) = cos(LW, Lx) =

2

and tany (W, x) = siny (W, x)/cosy (W, x). It is important to note that sinyy,
cosy, and tany, can all be computed without the matrix square root L of M.

Since our M-sines, M-cosines, and M-tangents equal their regular counter-
parts, the extension of several known results for the standard problem (5.23) to
results for the generalized problem (5.22) is immediate. Below is a selection of
error bounds, where we assume that the largest generalized eigenpair (11, x1) is
simple and is approximated by the Ritz pair (61, wy) of (5.22) with respect to
the search space W.
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Proposition 5.6 (Generalization of, e.g., [68, Lemma 11.9.2]).

A1 -6

. 2
siny, (w1, x1) < .
M A1 — Ay

Proposition 5.7 (Generalization of [79, Thm. 2.1]).
A1 —01 < (/11 - /ln) Sinjz\/[(W, Xl).

The two propositions imply that w; — x; when 6; — A, with 6; tending to 4,
when sin(W, x1) — 0. The next corollary is a straightforward consequence.

Corollary 5.8 (Generalization of [79, Thm. 2.1]).

Ag = Ay
A=Ay

- A,

1
A1 — A3

sinZ, (w1, x1) < sinZ, (W, x1) = (1 + ) sinZ, (W, x1).

As a result of Corollary 5.8, we can expect siny;(wq, x1) to be close to siny (W, x1)
if the eigenvalue A, is well separated from the rest of the spectrum. A sharper
bound can be obtained by generalizing the optimal bound from Sleijpen, Eshof,
and Smit [79].

Proposition 5.9 (Generalization of [79, Thm. 3.2]). Let (6;, w;) denote the Ritz
pairs of the generalized problem (5.22) with respect to W, and define

dyy = min siny(wj, x1)

as the smallest of all M-sines between the Ritz vectors w; and the generalized
eigenvector x1. Furthermore, define for any € > 0 the maximum

Ox(e) = max {6w | dim(W) = k, sinyy(W, x1) < €}.
If (6yy, wyy) is the Ritz pair for which 8yy is realized and
0 < €< (A1 -42)/(A1 = An);

then 6y, = 67 > A5 and

2 _ 1 2 1 : = (42 - /1“)2
Gp(e) = S (1+ &%) - E‘/(l—fz)—z—’“z with = (A1 = Ap)(A1 = A2)

forallk € {2,...,n—1}.

The quantity 6%(6) is not particularly elegant, but is sharp and can be used to ob-
tain the following upper bound, which is sharper than the bound in Corollary 5.8.
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Corollary 5.10 (Generalization of [79, Cor. 3.3]). If the conditions in Proposi-
tion 5.9 are satisfied, then
.2 2 K 2
siny (w1, x1) < siny, (W, x1) + > tany, (W, x1).

Now that we have extended a number of results for the standard problem
(5.23) to the generalized problem (5.22), it may be worthwhile to bound the

generalized sine siny; in terms of the standard sine.

Proposition 5.11. Let k = k(M) be the condition number of M, then
1 sin(w, x) < sin%,(w, x) < %(K +1)? sin®(w, x).

Proof. Without loss of generality we assume ||w|| = ||x|| = 1, so that
Amin(M) < [1Xll; < Amax(M).

The first inequality follows from

sin(w, x) = ||(I — ww*) (1 — LM |

2 || B wiUMM || ) AmaX(M) )
< lxlly ” - %" ”]2\/[ siny, (w, x) < m siny (w, x).

For the second inequality, it follows from, e.g., [87] that

_ww *M ww*M [|Mw|| _1 -1
: = = cos (w, Mw) < u ™+,
w*Mw w*Mw w*Mw
where u~! is the inverse of the first anti-eigenvalue [26, Ch. 3.6]
. w'Mw
= min .
lwi=1 ||Mwl||

By applying Kantorovich’ inequality we find [26, p. 68]

-1 _ 1 Amin(M) + Amax(M) _ 1 kK+1

- 2 \/Amin(M) Amax(M) - 2 \/E '

Finally, by combining the above and using

ww*M ww*M .
- =|(I- (I - ww*)x,
w*Mw w*Mw
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we see that
= 2%y Ama()
Sil‘lz w, x) = ||( x*Mx M < max _ wiU*M 2
M( ) ||X||1%/1 ﬂmin(M) ||( w Mw) ”
<«|r- %HZ (I — ww*)x||? < %(K +1)% sin®(w, x),
which concludes the proof. O

An interesting observation about siny; in the context of the GSVD is that
lf|| from Proposition 5.4 equals siny(X1, x1) if M = A*A + B*B = X *X L.
Furthermore, it has been shown in the proof of Proposition 5.4 that the error in
¢2 = ||Ax;||? and 52 = ||Bx1||? is quadratic in ||f||. An alternative is to express the
approximation error in terms of the residual. We have, for example, the following
straightforward Bauer-Fike-type result.

Proposition 5.12 (Bauer-Fike for the GSVD). Let (c, s) be an approximate gener-
alized singular pair with corresponding generalized singular vector X and residual

r = (s2A*A - C2B*B)x;
then there exists a generalized singular pair (cx, S«) of (A, B) such that

5 2 Il
[$2c2 - 252| < IX||* =
* * 1]l

Proof. The result follows from

Il

Il > 0 min(3*A*A — C2B*B)
X

= Tmin(X (P4 - PLpTp)X 1) 2 o2 (X ) min [F2c? - 7).
J

|

An additional interesting observation is that if ¢ and s are scaled such that
¢2 +52 = c2 + 52 = 1, and the generalized singular values are given by & = ¢/s
and 0, = Cx/Sx; then

fo o2

1+02 1+0?2

~2 2 ~2 2 ~2 2 2 ~2
[s%cy — syl = [s" =sil = |k — 7| =

b

with the conventions co/co = 1 and oo — co = 0.
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The bound in Proposition 5.12 may be rather pessimistic, and we expect
asymptotic convergence of order ||r||?> due to the relation with the symmetric
eigenvalue problem. It turns out that the desired result is easily generalized using
the M-sine and the M~!-norm. Specifically, let 6 be defined as in (5.24) and
define the residual norms

p(z) = I(LT'NL™' —6D)z]| and  pu(w) = p(Lw) = [|(N = 6M)w|ly-1;
then we can immeadiately derive the following proposition.

Proposition 5.13 (Generalization of, e.g., [68, Thm. 11.7.1, Cor. 11.7.1]). Sup-
pose A7 — 61 < 07 — Ay; then

f;iW(_w;Z < siny(wy, x1) < tany(w,, x1) < giwfuj;)
and
2 2
) A
A1 = Ay 01 — A2

Having the M~!-norm for the residual instead of the M-norm might be surprising;
however, the former is a natural choice in this context; see, e.g., [68, Ch. 15].
Moreover, Proposition 5.13 combined with the norm equivalence

TrmaxM) IPI* < Il < o (M) 1]

max M-1 — ¥ min

implies that the converence of the generalized singular values must be of order
||lr||?. This result is verified in an example in the next section.

5.7 Numerical experiments

In this section we compare our new algorithms to JDGSVD and Zha’s modified
Lanczos algorithm by using tests similar to the examples found in [32] and Zha
[95]. Additionally, we will apply Algorithm 5.1 and Algorithm 5.3 to general
form Tikhonov regularization by approximating truncated GSVDs for several test
problems. The first set of examples is detailed below.

Example 5.1. Let A = CD and B = SD be two n X n matrices, where
C =diag(cj), ¢j=(m—-j+1)/(2n), S=VI-C?
D = diag(d)), d; =[j/(n/4)]+71j,

with r; drawn from the standard uniform distribution on the open interval (0, 1).
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Example 5.2. Let C and S be the same as in Example 5.1. Furthermore, let
A = UCDW" and B = VSDW", where U, V, and W are random orthonormal
matrices, and D = diag(d;) with

d: = d. — min d: —K
d; = d; 1I£1]}gndj+10 .

Three values for k are considered, (a) k = 6, (b) xk =9, and (c) k = 12.

Example 5.3. Let C and S be the same as in Example 5.1, and let D be the same
as in Example 5.2. Let f, g, and h be random vectors on the unit (n — 1)-sphere,
and set

A=(I-2ffCD( —-2hh*) and B =(I-2gg*)SD(I — 2hh").
Note that I — 2ff*, I — 2gg*, and I — 2hh™ are Householder reflections.
Example 5.4. Let

A =sprand(n, n, 1e-1, 1) and B = sprand(n, n, le-1, le-2),

where sprand is the MATLAB function with the same name.

Table 5.1: The median number of matrix-vector products the algorithms require for
Examples 5.1-5.4 to compute an approximation satisfying (5.25). The tolerance
7 = 1073 was used for Zha’s modified Lanczos algorithm, while 7 = 10~° was used
for the remaining algorithms. The symbol — indicates a failure to converge up to
the desired tolerance within the maximum number of iterations specified in the text,
and the column Cond contains the condition numbers of [AT BT]”.

Alg Zha JDGSVD GDGSVD MDGSVD

Ex Cond | Omax Omin | Omax Omin | Omax Omin | Omax Omin
5.1 4.97e+00 3390 - | 1524 6188 580 3072 502 730
5.2a 3.99e+06 | 19082 — | 2008 5396 992 2326 | 1054 622
5.2b 3.99e+09 | 19082 - | 2008 5396 998 2312 | 1036 628
5.2c¢  3.99e+12 | 19082 - | 2008 5374 998 2312 | 1030 622
5.3a 3.99e+06 | 17810 — | 1964 5418 996 2318 | 1048 616
5.3b 3.99e+09 | 17810 — | 1964 5418 996 2288 | 1036 616
5.3c  3.99e+12 | 17810 - | 1964 5418 996 2288 | 1048 628
5.4 1.41e+00 - 1262 - - | 2334 244 | 2314 240

We generate the matrices from Examples 5.1-5.4 for n = 1000, allowing us
to verify the results. For Algorithm 5.1 and Algorithm 5.3 we set the minimum
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dimension to 10, the maximum dimension to 30, and the maximum number of
restarts to 100. For JDGSVD we use the same minimum and maximum dimensions
in combination with a maximum of 10 and 1000 inner and outer iterations, respec-
tively. Furthermore, we let JDGSVD use standard extraction to find the largest
generalized singular value, and refined extraction to find the smallest generalized
singular value. We have implemented Zha’s modified Lanczos algorithm with
LSQR, and let LSQR use the tolerance 10~'? and a maximum of [10+/n] = 320
iterations. The maximum number of outer-iterations for the modified Lanczos
algorithm is 100.
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Figure 5.1: The convergence history of MDGSVD as the errors from (5.25) compared
to the number of matrix-vector products, with results for the largest (left) and
smallest (right) generalized singular pairs.

We run each test with 500 different starting vectors, and record the number
of matrix-vector products required until an approximate generalized singular pair
(c, s) satisfies

(5.25) [s2c2,, —C2s?

max max

2

|~2 2 )
min

| <t or |s cmin—gzs | <1,

where we use T = 1072 for Zha’s modified Lanczos algorithm and 7 = 107°
for the remaining algorithms. The median results are shown in Table 5.1. We
notice that the convergence of Zha’s method is markedly slower here than in
[95]. Additional testing has indicated that the difference is caused by the larger
choice of n, which in turn decreases the gap between the generalized singular
pairs. JDGSVD does not require accurate solutions from the inner iterations and
is significantly faster, but fails to converge to a sufficiently accurate solution in the
last example. Compared to JDGSVD, GDGSVD approximately reduces the number
of matrix-vector multiplications by a factor of 2 for o-,x and by a factor of 2 to 2.4
for o min, and has no problem finding a solution for the last example. MDGSVD
performs only slightly worse than GDGSVD for the largest generalized singular
pairs on average, but uses approximately 4 times fewer MVs than GDGSVD for

the smallest generalized singular pairs in almost all tests.
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Figure 5.2: The errors of the largest (left) and smallest (right) generalized singular
pairs approximations compared to the square of the relative residual norm in the
right-hand side of (5.8). The results are for Example 5.2a and MDGSVD.

Figure 5.1 shows the convergence of MDGSVD. The monotone behavior and
asymptotic linear convergence of the method are clearly visible. We can also see
that the asymptotic convergence is significantly better than the worst-case bound
from Proposition 5.4. Figure 5.2 shows a comparison between the relative residual
norm (5.8) and the convergence of the generalized singular pairs for Example 5.2a.
The results for the other examples are similar, and are therefore omitted. Although
the graphs belonging to the smallest generalized singular pairs suggest temporary
misconvergence, the comparison still demonstrates that (5.8) is an asymptotically
suitable indicator for the convergence of the generalized singular pairs. Moreovet,
the convergence of the generalized singular pairs appears to be quadratic in the
residual norm.

Example 5.5. Given a large, sparse, and ill-conditioned matrix A, consider the
problem of reconstructing exact data x4 from measured data b = Axy + e, where
e is a noise vector. A regularized solution may be determined with general form
Tikhonov regularization by computing

X, = argmin ||Ax — b||> + u||Bx||?
X

for some operator B with N (A) N AV(B) = {0}, and some parameter u > 0. For
the purpose of this example, we take several n Xn matrices A and length n solution
vectors x4 from Regularization Tools [27], and for B we use the (n — 1) X n finite
difference operator
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The entries of the noise vectors e are independently drawn from the standard
normal distribution, after which the vector e is scaled such that € = E[||e||] =
0.01]|b||. We select the parameters y such that ||Ax, — b|| = ne, where n =
1 + 3.090232/V2n so that ||e|| < 1€ with probability 0.999; see also (4.17).

Consider Example 5.5, where we can write x, as

n
C.
Xy = X(Z3Za + pZpZp) TUD = ) o —

ﬁxiufb.
o1 G THS

1

For large-scale problems with rapidly decaying c¢; and multiple right-hand sides
b, it may attractive to approximate the truncated GSVD and compute the above
summation only for a few of the largest generalized singular pairs and their
corresponding generalized singular vectors. In particular, we use our GDGSVD
and MDGSVD methods to approximate the truncated GSVD consisting of the 15
largest generalized singular pairs and vectors. We use minimum and maximum
dimensions 15 and 45, respectively, and a maximum of 100 restarts. We deflate or
terminate when the right-hand side of (5.8) is less than 107°, and seed the search
space with the nullspace of B spanned by the vector (1, ..., 1)’. We consider
two different cases. In the first case, we deflate the seeded vector and terminate
as soon as the relative residual for the second largest generalized singular pair
is sufficiently small. In the second case we deflate the seeded vector plus four
additional vectors, and terminate when the relative residual corresponding to the
sixth largest generalized singular pair is less than 107°. We use the approximated
truncated GSVDs to compute x,,, and compare it with the solution obtained with
the exact truncated GSVD.

The experiments are repeated with 1000 different initial vectors and noise
vectors, and the median results are reported in Table 5.2 and Table 5.3. Test
problems Deriv2-{1,2,3} all use the same matrix A, but have different right-hand
sides and solutions; the same is true for Gravity-{1,2,3}. Test problems Heat-{1,5}
have the same solutions, but different A and b. The tables show a reduction
in the required number of matrix-vector products for multidirectional subspace
expansion, with reduction factors approximately between 1.25 to 2.15 or better
in the majority of cases. However, the reduced number of matrix-vector products
may come at the cost of an increased relative error in the reconstructed solution
and an increased angle between the exact and approximated generalized singular
vector x5, although not consistently.
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5.7. Numerical experiments
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Table 5.3: Truncated GSVD tests and results similar to Table 5.2, but in this case
with the approximation of the five largest generalized singular pairs after the pair
(1, 0) corresponding to the nullspace of the regularization operator.

Alg GDGSVD MDGSVD
Ex sin (x2,x2) Rel.Err. #MV | sin(x2,X2) Rel. Err.  #MV
Baart 1.82e -6 3.19e—6 1996 2.6le—8 1.51le—-7 74

Deriv2-1 8.03e—6 8.99e-6 6088 6.54e—6 1.08e—-5 3604
Deriv2-2 8.03e—-6 3.52e—6 6088 6.54e -6 4.03e—6 3604
Deriv2-3 8.03e—6 6.25e—-5 6088 6.54e -6 4.25e—-5 3604
Foxgood 6.9le—6 3.36e—6 6808 1.07e—5 5.20e—6 5485
Gravity-1 1.93e—-6 1.14e—5 5600 4.85e—-6 4.10e—-5 4012
Gravity-2 1.93e—-6 3.1le—5 5600 4.85e—6 3.50e—-5 4012
Gravity-3 1.93e-6 8.39e—6 5600 4.85e—6 1.86e—5 4012

Heat-1 2.70e -6 2.82e—-2 7520 5.14e -6 4.74e—2 1948
Heat-5 7.92e -6 4.63e—2 6676 292e—-6 2.48e—-2 1804
Phillips 4.74e—6 3.49e—4 5912 2.30e—-6 1.63e—4 3574
Shaw 1.91e-6 6.51le—-5 5772 2.67e—6 1.80e—4 5620
Wing 8.33e -6 4.16e—6 5292 1l.44e -5 7.26e—6 4618

5.8 Conclusion

We have discussed two iterative methods for the computation of a few extremal
generalized singular values and vectors. The first method can be seen as a gener-
alized Davidson-type method, and the second as a further generalization. Specif-
ically, the second method uses multidirectional subspace expansion combined
with a truncation phase to find improved search directions, while ensuring mod-
erate subspace growth. Both methods allow for a natural and straightforward
thick restart. We have also derived two different methods for the deflation of
generalized singular values and vectors.

We have characterized the locally optimal search directions and expansion
vectors in both the generalized Davidson method and the multidirectional method.
Note that these search directions generally cannot be computed during the it-
erations. The inability to compute these optimal search directions motivates
multidirectional subspace expansion and its reliance on the extraction process,
as well as the removal of low-quality search directions. We have argued that our
methods can still achieve (asymptotic) linear convergence and have provided
asymptotic bounds on the rate of convergence. Additionally, we have shown that
the convergence of both methods is monotonic, and have concluded the theoreti-
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cal analysis by developing Rayleigh-Ritz theory and generalizing known results
for the Hermitian eigenvalue problem to the Hermitian positive definite general-
ized eigenvalue problem that corresponds to the GSVD.

The theoretical convergence behavior is supported by our numerical experi-
ments. Moreover, the numerical experiments demonstrate that our generalized
Davidson-type method is competitive with existing methods, and suitable for
approximating the truncated GSVD of matrix pairs with rapidly decaying general-
ized singular values. Significant additional performance improvements may be
obtained by our new multidirectional method.






Chapter 6

Conclusion

We have seen in Chapter 2 that matrix balancing may be useful for generating
high-quality field of value based spectral inclusion regions. Furthermore, these
inclusion regions can be approximated efficiently when balancing is combined
with projections onto Krylov subspaces. The combination of Krylov subspaces
and balancing leads naturally to our new “Krylov and balance” (K+B) approach,
which is computationally cheap and typically yields excellent results. Another
benefit is that the K+B approach is matrix free; however, there are disadvantages
as well. Most notably, the K+B approach cannot be used to compute the diagonal
scaling matrix for the original full-size matrix and may, in rare situations, com-
pute inclusion regions that are too small. Possible future research may include
balancing and field of values based inclusion regions for the generalized eigen-
value problem, quadratic eigenvalue problem, and the polynomial eigenvalue
problem; see, e.g., [33, 54].

In Chapter 3 we have presented a two-sided Krylov—-Schur method as a natural
generalization of the one-sided Krylov—Schur approach by Stewart, and as a
more stable alternative to the two-sided Lanczos algorithm. In addition to the
advantages and disadvantages mentioned in Section 3.9, we would like to state
that there is no benefit in using two-sided Krylov—Schur for Hermitian matrices.
Furthermore, we do not expect any major advantages of two-sided Krylov—Schur
over one-sided Krylov—Schur when only computing exterior eigenvalues. Instead,
our two-sided method shows its strengths primarily in applications where left and
right eigenvectors or eigenspaces are required simultaneously. It could be useful
and interesting if future research provides us with more insight when two-sided
Krylov—Schur may be expected to yield better results or performance than its
one-sided counterpart.

We have introduced a new method in Chapter 4 for large-scale Tikhonov regu-
larization that combines a new multidirectional subspace expansion with optional

117
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truncation in order to produce a higher quality search space. The multidirectional
expansion generates a richer search space, whereas the truncation ensures mod-
erate growth. In addition, we have discussed a straightforward parameter choice
for multiparameter regularization, that satisfies the discrepancy principle and
is based on easy to compute derivatives. Although it is not clear how to extend
the parameter selection from this chapter to non-smooth regularization terms,
research in automatic parameter selection for more general regularization terms
could prove valuable.

In Chapter 5 we have derived two competitive methods, for computing ex-
tremal generalized singular values and vectors, as well as for approximating the
truncated generalized singular value decomposition of matrix pairs with rapidly
decaying generalized singular values. The first method can be seen as a gener-
alized Davidson-type method, while the second method builds upon the multi-
directional subspace expansion and truncation from the previous chapter. The
idea is again to find improved search directions in each iteration with multidirec-
tional subspace expansion, while ensuring moderate subspace growth with a fast
truncation phase. Both of our new methods allow for natural and straightforward
thick restarts, which are essential parts of Algorithms 5.1 and 5.3. Numerical
experiments suggest that the latter two algorithms have the potential to become
“methods of choice”, although the current lack of preconditioning might be a
disadvantage. Future work may include adapting the multidirectional subspace
expansion and truncation to different matrix decompositions.
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Summary

Generalized Krylov methods for large-scale matrix problems

This dissertation concerns the development of new Krylov subspace methods for
large-scale (generalized) matrix problems. Of particular interest are standard
eigenvalue problems, generalized singular value problems, and general form
regularization problems, which commonly emerge in various fields of natural
and applied sciences. The focus is on applications where the matrices are large
enough that using direct methods is no longer feasible, and structured enough
to facilitate fast matrix-vector products; that is, applications suitable for Krylov
methods.

Four main subjects are considered in this dissertation: matrix balancing for
field of value type inclusion regions, two-sided Krylov—Schur restarts, multidirec-
tional subspace expansion for generalized and multiparameter Tikhonov regu-
larization, and multidirectional subspace expansion for computing generalized
singular values and vectors.

The field of values of a matrix is convex, guaranteed to contain all eigenvalues,
and its boundary is often tight around the eigenvalues and can be approximated
efficiently. Therefore, using the field of values as an inclusion region may be an
attractive alternative in an exploratory phase to computing eigenvalues. However,
occasionally the numerical radius of a matrix is much larger than its spectral radius,
which makes the field of values meaningless as an inclusion region. We show that
in this case, the quality of the field of values as an inclusion region may often be
improved by balancing the matrix. Balancing is an existing technique designed
to decrease the disparity between row and column norms through a carefully
constructed diagonal similarity transform. Several interesting connections with
the nonnormality of matrices are investigated and emphasized. Moreover, we
propose a new, simple, and fast balancing methodology for computing spectral
inclusion regions, where the Hessenberg matrix resulting from the Arnoldi process
is balanced and used to approximate the field of values. The effectiveness of the
method is demonstrated with numerical experiments.

129



130 6. Summary

Next, we derive two-sided Krylov-Schur as an extension of the Krylov-Schur
restarting method to the two-sided Arnoldi method for large-scale nonnormal
matrices. This extension allows for the simultaneous approximation of left and
right eigenvectors, and thus eigenvalue condition numbers, while working exclu-
sively with orthonormal bases. Specifically, two-sided Krylov—Schur maintains
orthonormal bases for a separate left and right Krylov subspace, and applies only
orthonormal transformations to these bases during the restarts. We may therefore
expect better numerical stability compared to unsymmetric Lanczos if the method
is carefully implemented. We describe algorithms for both standard Ritz extrac-
tion and harmonic Ritz extraction, and present several error bounds. Numerical
examples where we compute the least sensitive eigenvalues or use the left and
right shift-invariant subspace bases to approximate pseudospectra illustrate the
usefulness of two-sided Krylov—Schur.

Generating high-quality search spaces for generalized Tikhonov regularization
and multiparameter Tikhonov regularization may be challenging. In the latter
case, selecting suitable regularization parameters may also be challenging. We
introduce a new method for large-scale multiparameter Tikhonov regularization
with general regularization operators. The method works by repeatedly extend-
ing the search space in multiple directions, similar to generalized Krylov, and
subsequently removing the less promising directions to ensure moderate growth
of the search space. Moreover, we propose a discrepancy principle based para-
meter selection strategy related to perturbation results. Numerical experiments
are performed to test the algorithms.

Finally, we describe two subspace algorithms for computing extremal gen-
eralized singular values and vectors, that are also suitable for approximating
truncated generalized singular value decompositions. The first algorithm can be
seen as a restarted generalized Davidson algorithm, and the second algorithm
improves upon the first with multidirectional subspace expansion. This multidi-
rectional subspace expansion is also followed by a truncation step, although it
is slightly different from the previous one. Furthermore, we provide additional
insight into the multidirectional subspace expansion technique with several inter-
esting theoretical observations, and generalize numerous error bounds for the
symmetric eigenvalue problem to the generalized singular value problem.
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